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Abstract
Modern on-shell methods allow us to construct both the classical and quantum S-
matrix for a large class of theories, without utilizing knowledge of the interacting La-
grangian. It was recently shown that the same applies for chiral gauge theories, where
the constraints from anomaly cancelation can be recast into the tension between uni-
tarity and locality, without any reference to gauge symmetry. In this paper, we give a
more detailed exploration, for chiral QED and QCD. We study the rational terms that
are mandated by locality, and show that the factorization poles of such terms reveal a
new particle in the spectrum, the Green-Schwarz two-from. We further extend the anal-
ysis to six-dimensional gravity coupled to chiral matter, including self-dual two-forms for
which covariant actions generically do not exist. Despite this, the on-shell methods define
the correct quantum S-matrix by demonstrating that locality of the one-loop amplitude
requires combination of chiral matter that is consistent with that of anomaly cancelation.
Contents
1 Introduction and summary of results 2
2 Cut constructibility and the rational terms 4
3 Anomalies as spurious poles 6
3.1 D=4 QCD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2 D=6 QED . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.3 D=6 QCD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
4 Factorization properties of the rational term 12
4.1 Review on six-dimensional On-shell variables for three-point kinematics . . . 12
4.2 Gluing (AB , AB) and (AB¯ , AB¯) . . . . . . . . . . . . . . . . . . . . . . . . . . 13
4.3 Comments on tree-level gauge invariance . . . . . . . . . . . . . . . . . . . . 15
5 Gauge invariant rational terms from Feynman rules 16
5.1 The anomalous rational term . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
5.2 Gauge-invariant rational terms . . . . . . . . . . . . . . . . . . . . . . . . . . 19
5.3 Integral coefficients from invariant rational terms . . . . . . . . . . . . . . . . 22
6 D = 6 Gravitational anomaly 22
6.1 D = 6 chiral tree-amplitude for M4(hhXX) . . . . . . . . . . . . . . . . . . . 23
6.2 Chiral loop-amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
6.3 The rational term and gravitational anomaly . . . . . . . . . . . . . . . . . . 27
7 Conclusions 28
A Coefficient extraction 30
B Example: 6D chiral and anti-chiral fermions in the loop 34
B.1 Chiral fermion and anti-chiral fermion loop . . . . . . . . . . . . . . . . . . . 35
B.2 The final result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
C Results of integral coefficients 37
1
1 Introduction and summary of results
Analyticity has long been known to impose stringent constraints on the S-matrix, and, from
this, non-trivial predictions can be drawn for the underlying effective field theory. Classic ex-
amples include Coleman and Grossman’s proof of ’t Hoofts anomaly matching conditions [1],
as well as Adams’ et al. [2] proof of positivity for signs of the leading irrelevant operator.
For the past decade, it has been understood that for a large class of gauge and gravity theo-
ries, systematic use of such constraints in the form of generalized unitarity methods [3] and
recursion relations [4], one retains sufficient information to fully determine the amplitude
iteratively from the fundamental building block: the three-point amplitude. For massless
theories, with a given mass-dimension of the coupling constant the latter is in fact unique.
The complete irrelevance of the interaction Lagrangian in these developments has an ap-
pealing feature for the following reason: there are a plethora of interesting interacting theories
for which no action is known. That this is so has been attributed to various reasons such
as the absence of small expansion parameter, the inability to non-abelianize the underlying
gauge symmetry of the asymptotic states, et cetera. However, it serves to remind ourselves
that not too long ago such statements were widely used for the world-volume theory of mul-
tiple M2 branes, prior to the ascent of BLG [5] and ABJM [6] theories. Thus the removal of
the “off-shell” yoke is welcoming. Now instead of asking if one can write down an interacting
Lagrangian, we ask if one can construct a consistent S-matrix for the asymptotic states of
the theory. Any difficulty encountered in the process will be independent of any off-shell
formulation. Indeed it has been shown that for both BLG and ABJM theories, global sym-
metries as well as factorization constraints is sufficient to completely determine the tree-level
amplitude [7, 8].
However, gauge and gravitational anomalies also impose constraints on the quantum con-
sistency of chirally coupled gauge and gravitational theories, and one might doubt whether
the on-shell approach, being blind to any gauge symmetry, fails to capture such inconsisten-
cies. The on-shell manifestation of such inconsistency is usually stated as the non-decoupling
of the longitudinal degrees of freedom. Unfortunately such discussion utilizes formal po-
larization (tensors) vectors and Feynman rules, for which an action is a prerequisite. Such
discussion also appears to be incompatible with the modern on-shell program, where only
the physical degrees of freedom are present throughout the construction. At this point, one
might be tempted to conclude that unitarity methods are ill-fitted with chiral theories, and
a completely on-shell construction is simply too much to ask for these theories. However,
this cannot be the case, since if one were to blindly construct the quantum S-matrix using
generalized unitarity methods, in absence of any sickness, one could simply declare that a
consistent S-matrix is obtained, as the construction manifestly respects unitarity. One would
then move on to conclude that there is no perturbative inconsistency for chiral gauge theories.
Thus there must be a more physical manifestation of such sickness that does not rely on any
notion of gauge symmetry or unphysical degrees of freedom.
Generalized unitarity utilizes the fact that the discontinuity of branch cuts are given
by the product of lower loop-order amplitudes. Using sufficiently many cuts, one can fully
determine the integrand for the cut constructible part of the amplitude. Since by construction,
this method correctly reproduces all branch cuts, the amplitude manifestly respects unitarity.
However, this does not guarantee locality. Here locality is defined by the property that the
only singularity in the amplitude is associated with propagator-like singularities, 1/(pi+pj+
· · · + pl)2. The unitarity methods determine the amplitude up to rational terms which are
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free of branch cuts.1 However, such terms may have singularities, and its role is precisely to
ensure that the full amplitude respects locality [10].
Not surprisingly, recently two of the authors [11] revealed that for chiral-gauge theories,
the result obtained from unitarity methods violates locality, and is unrepairable unless certain
conditions are met. More precisely, by enforcing locality on the cut-constructible result, the
requisite rational term inevitably introduces new factorization channels. In four-dimensional
Yang-Mills theory coupled to chiral fermions, the residue of this factorization channel cannot
be interpreted as a product of tree-amplitudes: the factorization channel is therefore unphys-
ical. Requiring the absence of such factorization-channels exactly leads to the well known
anomaly cancellation condition, dabc = 0! In six-dimensions, the same applies, except that
now the residue of the new factorization channel can be interpreted as the product of two
three-point amplitudes, each corresponding to a two-from coupling to two gauge fields. Thus
one recovers the full anomaly cancellation conditions in six-dimensions: the requirement of
locality requires either str(T1T2T3T4) = 0, or that it factorizes. For the latter, the factor-
ization channel automatically introduces a new state to the spectrum, the two-form of the
Green-Schwarz mechanism [12, 13]! Thus, in short, inconsistency of chiral-theories arises as
the incompatibility of unitarity constraints and that of locality.
In this paper, we expand on the analysis for six-dimensional chiral QCD, and extend it
to chiral QED and gravity. For the gauge theories, while locality mandates a unique rational
term which introduces a new factorization channel, the exchanged particle is identified to
be a two-form only via dimensional and little-group analysis. Here we explicitly show that
by gluing three-point amplitudes of a two-form coupled to two gauge-fields, one reproduces
the exact residue that appeared in the factorization channel of the complete chiral-fermion
loop-amplitude. This completes the proof that on-shell methods automatically includes the
requisite spectrum for a local and unitary quantum field theory, even if the initial spectrum
is incomplete. Conversely, we also demonstrate that standing on its own, parity-odd rational
terms cannot have consistent factorization in all channels, if any one of them involve the
exchange of a two-form between vector fields. This is an on-shell manifestation of the well
known fact that if the two-form couples to the gauge fields via H2 = (dB + AdA)2 and
B ∧ F ∧ F , one cannot simultaneously maintain gauge invariance for both operators.
Remarkably, direct Feynman diagram calculation reveals that the rational term obtained
from on-shell methods exactly matches that coming from the combination of the anomalous
rational term from the loop-amplitude and that from the Green-Schwarz mechanism. It is
interesting that whilst the anomaly is completely canceled, a remnant remains in the form of
a parity-odd gauge-invariant rational term, whose presence is perhaps an afterthought in the
traditional point of view. However, from the amplitude point of view, such rational terms are
of upmost importance as they are mandated by locality, whilst anomaly cancellation is merely
an “off-shell” mechanism to reproduce the requisite rational terms. As a side result, we also
present the anomalous rational terms for chiral gauge theories in arbitrary even dimensions.
Chirally coupled gravity presents an interesting test case for our approach. In particular,
in six-dimensions, no covariant action exists which couples (a generic number of) self-dual
two-forms to gravity. In fact, in the original work of Alvarez-Gaume and Witten [15], this
has been presented as an argument for the possibility of a gravitational anomaly. Here we
demonstrate that generalized unitarity methods do define a consistent quantum S-matrix. To
begin, we explicitly construct the parity-odd amplitude for the four-point one-loop amplitude,
1Although one can always embed the theory in higher dimensions and use the higher-dimensional unitarity
cuts to fix such rational terms [9], this cannot be done for chiral theories which have no higher-dimensional
parent.
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associated with chiral-matter. Consistency is demonstrated by showing that the conditions
imposed by locality of the quantum S-matrix precisely match the gravitational anomaly
cancellation conditions. Once these conditions are satisfied, we obtain the unitary and local
gravity amplitude associated with chiral matter.
This paper is organized as follows. In section 2, we review generalized unitarity, with
an emphasis on the role of rational terms in enforcing locality. In section 3, we show that
parity-odd loop-amplitudes constructed from generalized unitarity, generically requires ratio-
nal terms that introduces new factorization channels, and thus potential violation of locality.
Enforcing locality, in this setting, requires the same group theory constraints as the tradi-
tional anomaly cancellation. In section 4, we explicitly show, that the “new” poles which
appear in local parity-odd loop amplitude in chiral gauge-theories must be identified with
an exchange of a two-form with parity-violating couplings to gauge-fields. In section 5, we
revisit anomaly cancellation from the point of view of Feynman diagrams, and demonstrate
that the rational term obtained from the unitarity methods are in fact a combination of the
anomalous rational terms from one-loop chiral fermion amplitude and the tree-level Green-
Schwarz mechanism. Finally, in section 6, we make contact with the existence of, and recover
cancellation conditions for, perturbative gravitational anomalies in six-dimensions.
2 Cut constructibility and the rational terms
Generalized unitarity [3], by construction, furnishes a representation for the loop-integrand
which reproduces the correct unitarity-cuts. Within the context of an integral basis, the
perturbative structure of a particular S-matrix element is encoded in the coefficients of each
integral. Depending on the nature of the theory, different integral bases manifest different
properties. At one-loop, for general purposes it is convenient to use a basis of scalar integrals.
Here, one-loop amplitudes in a generic D-dimensional massless theory—in this paper D is
always taken to be integer—decompose into:
A1−Loop =
∑
iD
ciDD I
i
D +
∑
iD−1
c
iD−1
D−1ID−1 + · · · +
∑
iD−1
ci22 I2 +R+O(ǫ) , (2.1)
where Iiaa represent scalar integrals with a propagators, diagrammatically an a-gon, and ia
labels the different distinct a-gons. The coefficient in front of each integral is to be fixed
by unitarity cuts. For a review of why such an integral basis is sufficient for all one-loop
amplitudes, we refer the reader to [24] for a brief discussion. The last term R indicates a
possible rational function that is cut-free.
An important subtlety is whether the unitarity cuts are defined in D orD−2ǫ-dimensions.
Since the scalar loop-integrals in eq.(2.1) do not contain any loop momentum dependence in
the numerator, their coefficients are blind to whether or not the unitarity cut is defined in
D or D − 2ǫ-dimensions. On the other hand, the rational terms R, can be obtained via
D−2ǫ-dimensional unitarity cuts [9], which requires tree-amplitudes within the unitarity-cut
to be analytically continued into higher dimensions. While this approach for obtaining the
rational terms is widely applied in QCD, it becomes problematic for chiral theories or theories
with Chern-Simons terms. Finally, to properly extend the theory to higher dimensions, one
requires the knowledge of the explicit action, which is antonymous to the program of the
on-shell S-matrix.
It is then useful to take a step back and ask: what physical principle mandates the
existence of these rational terms? Specifically, given that the result in eq.(2.1), absent the
rational terms R, is manifestly unitary in all channels, in what sense are the cut-constructed
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terms without their rational counterparts incorrect? To answer this question, it is useful
to consider an explicit example. Let us consider a fundamental fermion contribution to
the four-point one-loop gluon amplitude in four-dimensions. Applying standard unitary cut
methods [25], the integral coefficients for A1−Loop(1+2−3+4−) from this fermion loop:
−
1
2
+
1
2
4− 1+
2−3+
c4 = − t
4s2
u4
+
1
2
−
1
2
4− 1+
2−3+
c4 = −s
4t2
u4
−
1
2
+
1
2
4− 1+
2−3+
c
(23)
3 =
t4s
u4
+
1
2
−
1
2
4− 1+
2−3+
c
(23)
3 =
t2s3
u4
(2.2)
−
1
2
+
1
2
2− 3+
4−1+
c
(12)
2 =
t(2t2 − s2 − 5st)
6u3
+
1
2
−
1
2
2− 3+
4−1+
c
(12)
2 =
t(2t2 + 11s2 + 7st)
6u3
where the superscript in c(ij) denotes the legs on the massive corners. Note: for future con-
venience, the contributions to the integral coefficients from each of the two different fermion
helicities circling in the loop have been separated. This separation facilitates finding the even-
and odd-parity components of the loop-amplitude. The other orderings can be obtained by
cyclic rotation. Combined with the integrated scalar integrals, we find the following fermion
contribution to the A1−L(1+2−3+4−) amplitude :
A1−L,even1/2, Cut (1
+2−3+4−) = Atree(1+2−3+4−)
[−(−s)−ǫ − (−t)−ǫ
3ǫ
− st(s
2 + t2)
2u4
(log2 x+ π2)
−(s− t)(s
2 − st+ t2)
3u3
log x
]
, (2.3)
where x ≡ t/s, the subscript in A1/2 indicates it is a fermion loop contribution, Cut indicates
it is the result derived from purely four-dimensional unitarity cuts, and “even” indicates we
have taken the parity-even combination of the various unitarity-cuts.2
We would now like to ask, what precisely is wrong with eq.(2.3)? The branch-cut structure
is guaranteed to be correct by construction, and thus unitarity is not violated. However, the
amplitude not only has to satisfy unitarity, but locality as well. Locality requires that the loop
amplitude can only have propagator singularities, and that the residue on these propagator-
poles must be given by the product of lower-order amplitudes (lower-order means reduced
number of legs and reduced loop-order):
Aℓn|K2→0 =
∑
ℓ1,ℓ2
Aℓ1n+1−k
1
K2
Aℓ2k+1 +O((K2)0) , (2.4)
where ℓ, ℓ1, and ℓ2 denote loop-order and are subject to the constraint ℓ = ℓ1 + ℓ2.
Going back to eq.(2.3) we see that 1/un factors are ubiquitous in each term, and thus
provide potential violations of locality. Expanding eq.(2.3) around u = 0 one finds:
A1−L,even1/2, Cut (1
+2−3+4−)
∣∣∣∣
u→0
= Atree(1+2−3+4−)
(
− s
2
u2
− s
u
+O(u0)
)
. (2.5)
2Notice that the −2/3 in front of the 1/ǫ UV-divergence is precisely the minus of the one-loop beta function,
as expected. See [26] and references therein.
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Since the spurious poles have rational residues, the result in eq.(2.3) violates locality! Given
that the part of the amplitude containing cuts is completely determined, the only way this
may be remedied is through addition of a cut-free term to the amplitude to cancel this
singularity: a rational term. Dimensional analysis and cyclic symmetry entirely fix the
rational term needed to correct this 1/u2-singularity to be,
Reven(1+2−3+4−) = −Atree(1+2−3+4−) st
u2
, (2.6)
Note that, since this is a color-ordered amplitude, a 1/u pole with is unphysical. Luckily
Reven automatically removes the 1/u pole as well. Thus the unique unitary and local answer
is:
A1−L,even1/2 = A
1−Loop,even
1/2, Cut +R
even , (2.7)
reproducing the correct answer obtained, long ago, in [27] .
From the above discussion we see that the role of rational terms is to correct any non-
locality introduced into the results from D-dimensional unitarity cuts. Note that this implies
that the rational terms must have certain factorization properties, which allow it to be ob-
tained through recursion relations, as demonstrated in [28, 29, 30]. One might wonder if
it is possible to add a term that is simply a constant times the tree-amplitude. This is
not an acceptable modification to the loop amplitude: the tree-amplitude contains s- and
t-factorization channels, and the presence of such a term would lead to a one-loop modi-
fication to the three-point on shell amplitudes, which are not supposed to be corrected in
perturbation theory. Note that Reven avoids this problem as its numerator is proportional to
st, which vanishes on either of these two factorization channels. This subtlety will rear its
head when we consider chiral fermions, and is the avatar of four-dimensional anomalies as we
discuss in the next section.
3 Anomalies as spurious poles
In the section, we will repeat the process discussed above for chiral gauge theories. That
is, we will construct parity-odd contributions to unitarity cuts of gauge-theory amplitudes
due to chiral fermions, in four- and six-dimensions. We will study the pole structure of the
unitarity cut result, and determine whether rational terms are needed to insure locality. As
we will see, there is a subtlety in the prerequisite rational terms that plants the seed for the
inconsistency of chirally coupled gauge and, in a later section, gravity theories coupled to
chiral matter.
3.1 D=4 QCD
Let us now revisit the same scattering process fermion-loop, and now focus on the parity-
odd configuration, where we take the the difference of the two helicity configurations in each
unitarity cut. Note that this part of the amplitude is only present in chiral theories. The
result is:
A1−L,odd1/2, Cut (1
+2−3+4−) = Atree(1+2−3+4−)
[
−st(s− t)
2u3
(log2 x+ π2)−
(
2st
u2
)
log x
]
.
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Note that the above result is only cyclic invariant up to a sign. This is because we are using
helicity basis in combination with the Levi-Cevita tensor. Indeed one can identify:
Atree(1+2−3+4−)(s− t) = −2u
[
(F1 ∧ F3)
(
ǫ4 · k2
u
− ǫ4 · k3
s
)(
ǫ2 · k4
u
− ǫ2 · k1
s
)
+ (F2 ∧ F4)
(
ǫ1 · k3
u
− ǫ1 · k4
t
)(
ǫ3 · k1
u
− ǫ3 · k2
t
)]
+ cyclic ,
which reveals the cyclic structure outside of a particular helicity assignment. To see if rational
terms are needed, we look at the residue of the apparent spurious u-pole:
A1−L,odd1/2, Cut (1
+2−3+4−)|u→0 = Atree(1+2−3+4−)
(
− s
u
+O(u0)
)
. (3.1)
Locality again requires the absence of such spurious poles through addition of a rational term.
Taking into account the fact that the amplitude attains a minus sign under cyclic shift, the
requisite parity-odd rational term is:
R odd(1+2−3+4−) = Atree(1+2−3+4−)
s− t
2u
= 〈24〉2[13]2 s− t
2stu
. (3.2)
Naively the following sum is fully unitary and local:
A1−L,odd1/2, Cut +R
odd . (3.3)
However, as is plain from Eq.(3.2), this new parity-odd rational term introduces non-trivial
contributions to the s- and t-channel residues. This contrasts sharply with the R even. Herein
lay the seeds of inconsistencies in parity-violating gauge theories: the rational terms, required
for locality in the parity-odd amplitude, introduce new corrections to residues on the s- and
t- poles. Since the dimension of the residue is 2, for eq.(2.4) to be respected the residue must
be given by either (a) the product of two mass-dimension 1 three-point amplitudes, or (b) a
product of mass-dimension zero and a mass-dimension two tree amplitude. Let us consider
each case in detail:
• (1,1): We consider possible mass-dimension one three-point amplitudes with two vectors
of opposite helicity and one unknown particle specie A3(g
+g−∗). A simple analysis of
helicity constraint tells us that the unknown particle can only be a vector. Thus the
only three-point amplitude allowed is the MHV, or MHV, amplitude which does not
have one-loop corrections.
• (2,0): Note that there is a mass-dimension two amplitude involving two gluons and
one scalar, generated by the operator φF 2. However there are no mass-dimension zero
amplitudes involving two gluons.[31]
Thus from the above analysis we conclude that eq.(3.3) does not respect locality, as incarnated
in eq.(2.4): theories which chirally couple fermions to gauge bosons have an inherent tension
between locality and unitarity!
However, there is a potential way out. Since the fully color-dressed amplitude is given
by a sum of single-trace amplitudes (we will assume fundamental fermions for now), it is
possible that the new factorization poles introduced by the rational terms actually cancel in
the fully dressed amplitude. There are six distinct single trace structures, and the rational
term in the fully color-dressed amplitude is given by:
R = 〈24〉
2[13]2
2stu
[(s − t)Tr(1234) + (u− s)Tr(1342) + (t− u)Tr(1423)
+ (s− u)Tr(1243) + (u− t)Tr(1324) + (t− s)Tr(1432)] . (3.4)
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Let us consider the residue for the s → 0. The contribution from Tr(1234), Tr(1342),
Tr(1432) and Tr(1243) sum to:
〈24〉2[13]2
2su
[−Tr(1234)− Tr(1342) + Tr(1243) + Tr(1432)] . (3.5)
Note that we did not include the contribution from Tr(1423) and Tr(1324), since the s-
channel pole in these two trace structures by construction cancels against the s-pole from the
cut-constructed part of the amplitude. Thus if the group theory structure in eq.(3.5) vanishes,
one obtains a fully consistent amplitude. This constraint on the group theory factor can be
rewritten as:
Tr(1432)− Tr(1234) + (1↔ 2) = d1a4f23 a + d13af24 a + d1a2f34 a + (1↔ 2) = 0 . (3.6)
Since the symmetry property of each term is distinct, the constraint is satisfied only if each
term is individually zero. Thus imposing unitarity and locality, enforces the group theory
factor constraint,
dabcfde a = 0 , (3.7)
which is nothing but the anomaly cancellation condition for the non-abelian box anomaly!
Let us pause and see what we have achieved. Starting with tree-amplitudes, generalized
unitarity constructs putative loop-amplitudes that are manifestly unitary. However, they
fail to be local. Imposing locality forces inclusion of rational terms to cancel the spurious
singularities within these putative loop-amplitudes. Here the chiral theory differs from the
non-chiral theories: the requisite rational terms introduce “new” factorization poles with
non-trivial residues. In non-chiral theories, such factorization channels are simply absent.
Because there are no suitable tree-amplitudes which it can factorize into, the presence of
these residues are simply inconsistent, and therefore must vanish. The only way a chiral
theory can achieve this vanishing is with the aid of the group theory factors. This leads
precisely to the non-abelian anomaly cancellation condition. Nowhere in the discussion did
we invoke or mention of gauge symmetry. Furthermore, as A1−L,odd1/2, Cut is both IR and UV-
finite, it does not have any regulator dependence. Thus the amplitude presents a manifestly
regulator independent representation of the inconsistencies of chiral theories.
We now move on to higher dimensional chiral gauge and gravity theories, where the story
becomes much more interesting.
3.2 D=6 QED
We now move on to six-dimensions, and consider the simplest chirally coupled system, chi-
ral QED. Using the six-dimensional spinor helicity formalism introduced by Cheung and
O’Connel [32], the four-point tree-amplitude of two photons and two chiral-fermions is,
A4(γa1a˙1γa2a˙2ea3ea4) =
〈1a12a23a34a4〉[1a˙1 |3|2a˙2 ]
tu
, (3.8)
where (ai, a˙i) are the SU(2)× SU(2) little group indices for each external leg. To extract the
parity-odd piece contribution from the chiral fermions to the loop, we again take the difference
between the chiral and anti-chiral fermion contributions to the loop. For this purpose we will
need the amplitude for chiral fermions as well, which is given by:
A4(γa1a˙1γa2a˙2ea˙3ea˙4) =
[1a˙12a˙23a˙34a˙4 ]〈1a1 |3|2a2〉
tu
. (3.9)
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We will follow [33] (see also [34]) to apply generalized unitarity method in six-dimensions.
A brief review of how generalized unitarity method is applied in our context in appendix B.
The chiral integral coefficients, defined as the difference between chiral and anti-chiral fermion
loop, are:
C4(1, 2, 3, 4) =
(s− t)
3u2
F (4) , C4(1, 3, 4, 2) =
(u− s)
3t2
F (4), C4(1, 4, 2, 3) =
(t− u)
3s2
F (4) ,
C3s =
4
3
[
1
u2
− 1
t2
]
F (4) , C3t =
4
3
[
1
s2
− 1
u2
]
F (4) , C3u =
4
3
[
1
t2
− 1
s2
]
F (4) ,
(3.10)
where C4(1, 2, 3, 4) represent the coefficient for the box integral with ordered legs 1,2,3,4, and
C3s(C3t) represent one-mass s-channel (t-channel) triangle coefficients. The function F
(4) is,
F (4) ≡ 1
2
(〈4d|p2p3|4d˙]F1 ∧ F2 ∧ F3 + (σi)cyclic) , (3.11)
where σi = −1 for odd cyclic permutations and +1 for even. The on-shell form of the wedge
product of three field strengths is simply3
F1 ∧ F2 ∧ F3 =
(〈1a|2b˙]〈2b|3c˙]〈3c|1a˙] + 〈2b|1a˙]〈1a|3c˙]〈3c|2b˙]) . (3.12)
Thus the cut-constructed part of the amplitude is given by
A1−L,odd
1/2, Cut
=
∑
i,j,k,l∈S4
C4(i, j, k, l)I4(i, j, k, l) + C3sI3s + C3tI3t + C3uI3u . (3.13)
Explicitly, the massless-box, one-mass triangle, and (massive) bubble scalar integrals, in
(6− 2ǫ)-dimnesions, evaluate to:
I3[K
2] =
1
2ǫ
+
1
2
(
3− γE − log[K2]
)
,
I2[K
2] = −K
2
6ǫ
+
K2
18
(−8 + 3γE + 3 log[K2]) ,
I4(1, 2, 3, 4) = − log
2 x+ π2
2u
. (3.14)
Combining eq.(3.10), eq.(3.13), and eq.(3.14), it is easy to see that again there are no UV-
divergences in A1−L,odd1/2, Cut , as expected. Note in chiral QED, there is no color-ordering and all
propagator poles are physical. But to ensure locality, again the residue of any factorization
poles must correspond to the product of lower-point amplitudes. In the vicinity of the t→ 0
pole, the cut-constructed terms approach
A1−L,odd1
2
, Cut
|t→0 = F
(4)
tu
+O(t0) . (3.15)
We see the presence of a factorization pole with mass-dimension 4 residue.
We now analyze all possible three-point amplitudes involving at least two vectors with
mass-dimension 1,2 and 3.4 As usual, three-point kinematics are degenerate, and one needs to
3The sign between the two terms can be determined from the fact that the parity-odd configuration is
symmetric under the exchange of any two labels, while the parity-even configuration is anti-symmetric.
4We don’t consider mass-dimension 0 or 4, since it is easy to see a vector cannot couple with a mass-
dimension 0 coupling. The absence of mass-dimension 0 three-point amplitude makes any possible mass-
dimension 4 amplitude irrelevant for the purpose of constructing an acceptable residue.
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take special care in defining the on-shell elements. In [32], special unconstrained variables were
introduced to parameterize the kinematics, which carry redundant degrees of freedom. The
“gauge invariance” requirement is then the manifestation of Lorentz invariance for the three-
point on-shell amplitudes. A systematic study of all such possible three-point amplitudes
involving massless fields were presented in [35], facilitates the following analysis:
• (3,1): As with four-dimensions, mass-dimension one three-point amplitudes involv-
ing two vectors necessarily imply the third particle is also a vector, and the three-
vector amplitude is unique, coming from F 2. This then restricts the mass-dimension
three-amplitude to be of three vectors as well, which is also unique, coming form an
Fµ
νFν
ρFρ
µ operator. Since the two operators are parity even, they cannot contribute
to a parity odd-amplitude.
• (2,2): There are three possible mass-dimension two three-point amplitudes involving two
vectors: coupling to a scalar, a graviton and a two-form. The former two correspond to
the operator φF 2 and
√
gF 2, which also does not introduce any parity odd contribution.
The third possibility is a two-form Bµν , which has two possible couplings, H
2 and
B ∧F ∧F , where Hµνρ ≡ ∂[µBνρ]+A[µ∂νAρ] is the three-form field strength. Note that
the BF 2 operator indeed introduces a parity-odd contribution.
Thus we see that the only way for the factorization pole in eq.(3.15) to have a reasonable
residue is to understand it as the propagation of a two-form. In other words, by forcing
the unitarity result to also satisfy locality, the scattering amplitude “responds” by telling us
there is a new particle in the spectrum, the two-form of the Green-Schwarz mechanism [12]!
Note that we again see A1−L,odd1
2
, Cut
is completely finite, and thus this discussion is manifestly
independent of any regulator.
Later, we will study the residue more closely to see that it is indeed given by the gluing
of the H2 and B ∧ F ∧ F interactions. But first we consider chiral-fermions coupled to
Yang-Mills, i.e. 6D chiral QCD.
3.3 D=6 QCD
We now consider a chiral fermion coupled to Yang-Mills theory. The relevant four-point
amplitudes for two gluon and two chiral (anti-chiral) fermions are:
Chiral : A4(ga1a˙1ga2a˙2qa3qa4) =
〈1a12a23a34a4〉[1a˙1 |3|2a˙2 ]
ts
, (3.16)
Anti− chiral : A4(ga1a˙1ga2a˙2qa˙3qa˙4) =
[1a˙12a˙23a˙34a˙4 ]〈1a1 |3|2a2〉
ts
. (3.17)
The integral coefficients now become
C4 =
(s− t)
6u2
F (4) , C3s = −(s− t)
6tu2
F (4) ,
C3t = −(s− t)
6su2
F (4) , C2s =
F (4)
stu
, C2t = −F
(4)
stu
, (3.18)
where F (4) is defined as before. Note that the bubble and triangle coefficients are such
that there is no overall UV-divergence. Indeed one funds that the integrated result for the
cut-constructible piece is given by:
A1−L,odd1
2
, Cut
= F (4)
[
(t− s)(π2 + log2[x])
12u3
+
log[x]
3u2
+
s− t
18stu
]
. (3.19)
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Again the ubiquitous u-poles in the planar amplitude requires us to inquire if it has a rational
residue. One finds:
A1−L,odd1
2
, Cut
∣∣∣
u→0
= −F
(4)
18tu
+O(u0) . (3.20)
Note that, un-like in four-dimensions where we can immediately conclude that one needs to
include rational term, here we need to consider the fact that the same pole will appear in
other color-orderings. In other words the presence of this pole may cancel between different
color-orderings, just like the physical poles introduced by the rational term in 4D chiral QCD
can cancel among different color-orderings, as discussed in sec. 3.1. Indeed the same pole also
appears in other color-ordering. Analyzing the behavior of the cut constructed color-dressed
amplitude, one finds the following collinear behavior in the s-,t- and u-channels:
A1−L,odd1
2
, Cut
u = 0−−−−−→ −
F (4)
18ut
str(T 4) +O(u0) , A1−L,odd1
2
, Cut
s = 0−−−−−→ −
F (4)
18su
str(T 4) +O(s0) ,
A1−L,odd1
2
, Cut
t = 0−−−−−→ −
F (4)
18ts
str(T 4) +O(t0) . (3.21)
Here str(T 4) represents the symmetric trace of four generators. Thus we see that the collinear
factorization pole will not contribute, if the group theory structure satisfies:
str(T 4) = 0 . (3.22)
This is nothing but the anomaly free condition in six-dimensions. Note that the reason
why spurious poles of the cut-constructed answer can cancel between different ordering can
attributed to the fact that in six-dimensions, the cut-constructed answer actually already
contains a rational term, whereas such terms are not present in four-dimensions. The dis-
tinction is that in six-dimensions there are two scalar integrals in eq.(3.14) that contain
UV-divergences. The relative coefficients between the 1/ǫ-divergent pieces and finite pieces
are different between the two integrals. Thus if the final answer is UV-finite, then when
combined with cyclic symmetry one can conclude there must be a left-over rational piece
already present in the cut-constructible terms. In D = 4 there is only one UV-divergent
scalar integral, the bubble. Thus if the UV-divergence cancels in D = 4, so will the rational
term in the scalar bubble.
On the other hand, if str(T 4) 6= 0, in D = 6 chiral QCD, the cut-constructible part has
non-trivial rational residues on each factorization channel, and locality then requires each
such residue to correspond to the exchange of a particle. From the analysis of QED, we know
that this pole can only be interpreted as an exchange of a GS two-form. For this interpretation
to be true the group theory factor must factorize, i.e. we must have str(T 4) ∼ tr(t2)tr(t2) for
some representation t. This is the well known story that when the generators are rewritten
in fundamental representation, for a general gauge group one has:
str(T 4) = α str(t4) + β tr(t2)tr(t2) . (3.23)
For the poles to have a physical interpretation we must have α = 0.
However even with α = 0, and the symmetric trace factorizes, there is still a problem.
Eq.(3.21) becomes,
A1−L,O1
2
, Cut
u = 0−−−−−→ −
F (4)
18ut
[tr(t1t2)(t3t4) + tr(t1t3)(t2t4) + tr(t1t4)(t3t2)) +O(u0)] . (3.24)
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Clearly, only the group theory factor tr(t1t3)(t2t4) makes any sense as a factorization channel
for the u- channel pole. In other words, this u-pole reside should not have any term pro-
portional to tr(t1t2)(t3t4) or tr(t1t4)(t2t3). Similar conclusions can be reached from the s-
and t-pole analysis. Thus for the poles to have an interpretation as a proper factorization
channel, extra rational terms must be added to the cut-constructible terms. From symmetry
properties required from the trace structure, we can deduce that the requisite rational term
is:
R = F (4)
[
tr(t1t2)(t3t4)
u− t
18stu
+ tr(t1t3)(t2t4)
t− s
18stu
+ tr(t1t4)(t3t2)
s− u
18stu
]
. (3.25)
Indeed we now find that with the above rational term, we now have:
u = 0−−−−−→ −
F (4)
6ut tr(t1t3)(t2t4) +O(u0)
A1−L,O1
2
, Cut
+R s = 0−−−−−→ −
F (4)
6su tr(t1t2)(t3t4) +O(s0)
t = 0−−−−−→ −
F (4)
6ts tr(t1t4)(t3t2) +O(t0)
. (3.26)
In summary, we have found that for chiral fermions coupled to Yang-Mills in six-dimensions,
the answer obtained from unitarity methods can be local only if str(T 4) = 0 or str(T 4) =
β tr(t2)tr(t2), for some representation t. Furthermore, for the case that str(T 4) 6= 0, locality
requires one to add a rational term R given in eq.(3.25). With this additional term one
obtains a unitary and local answer. One might wonder what is this magical rational term R?
Since it is constructed from on-shell methods, it is gauge invariant. In sec 5, we will show
that, in terms of Feynman diagrams, this is nothing but the gauge invariant combination
of the anomalous rational term plus the tree-diagrams in the GS mechanism! But, before
moving on to Feynman diagrams, we analyze whether or not the residue is indeed given by
the gluing of two 3-point amplitudes involving the exchange of a two-form.
4 Factorization properties of the rational term
In this section we study the residue of the single pole that appeared both in the chiral QED,
in eq.(3.15), and chiral QCD, in eq.(3.26). They are all proportional to F (4) defined in 3.11,
divided by the Mandlestam variable of the non-factorizing channel. Dimensional and little
group analysis tell us that the residues on these poles can only correspond to propagation of a
two-form. However we have not explicitly provided the three-point amplitudes whose gluing
should in principle give the this residue. Three-point elements are highly constrained, and
not surprisingly, the three-point amplitude for two vector fields and a two-form is unique [35].
In this section, we will show that the parity odd part of the two-form exchange indeed gives
the residue in eq.(3.15) and eq.(3.26). .
4.1 Review on six-dimensional On-shell variables for three-point kinemat-
ics
The possible three-point amplitude in six-dimensions have been studied extensively and is
severely constrained using the following SU(2) spinors [32]:
〈1a|2a˙] ≡ u1au˜2a˙ , 〈2a|1a˙] ≡ −u2au˜1a˙ ,
〈2a|3a˙] ≡ u2au˜3a˙ , 〈3a|2a˙] ≡ −u3au˜2a˙ ,
〈3a|1a˙] ≡ u3au˜1a˙, 〈1a|3a˙] ≡ −u1au˜3a˙ , (4.1)
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as well as their pseudo inverse:
uiawib − uibwia = ǫab, u˜ia˙w˜ib˙ − u˜ib˙w˜ia˙ = ǫa˙b˙ . (4.2)
Note that the above definitions are invariant under the following rescaling and shift symme-
tries:
(ui, wi)→ (αui, α−1wi), (u˜i, w˜i)→ (α−1u˜i, αw˜i), (4.3)
wi → wi + biui, w˜i → w˜i + b˜iu˜i . (4.4)
Repeated indices are not summed. Since these symmetries arise from their definition with
respect to Lorentz invariants, preservation of these symmetries is equivalent to Lorentz in-
variance. Thus all possible Lorentz invariant three-point amplitudes must be a polynomial
of these objects satisfying the rescaling and shift symmetry. Momentum conservation further
implies
uia|ia〉 = uja|ja〉, u˜ia˙|ia˙] = u˜ja˙|ja˙],
∑
i
wia|ia〉 =
∑
j
w˜ja˙|ja˙] = 0 . (4.5)
Again repeated indices are not summed, and when combined with eq.(4.3) implies that b1 +
b2 + b3 = 0, b˜1 + b˜2 + b˜3 = 0.
The three-point amplitudes involving one (anti-) chiral two-form and two vector fields are
uniquely fixed by Lorentz invariance and little group constraint [35]:
AB
(ad),bb˙,cc˙
=
(
∆(a|bcu1|d)
)
u˜2b˙u˜3c˙ , A
B¯
(a˙d˙),bb˙,cc˙
= u2bu3c
(
∆˜(a˙|b˙c˙u˜1|d˙)
)
,
where
∆abc = (u1au2bw3c + u2bu3cw1a + u3cu1aw2b) ,
∆˜a˙b˙c˙ = (u˜1a˙u˜2b˙w˜3c˙ + u˜2b˙u˜3c˙w˜1a˙ + u˜3c˙u˜1a˙w˜2b˙) . (4.6)
The little group indices tells us that the two vector fields sit on legs 2 and 3, whilst the field
on leg 1 transform as a (3,0) and (0,3) in AB and AB¯ respectively. Because the six on-shell
components of a two-form can be split into self-dual and anti-self dual sectors, AB and AB¯
represents the couplings of self-dual anti-self-dual two-forms, respectively.
4.2 Gluing (AB, AB) and (AB¯, AB¯)
We now consider the gluings of two ABs, as well as of AB¯s. Taking the difference of these two
products yields the parity-odd contribution from the two-form exchange.5 Let us consider
the product of three-point amplitudes in a t-channel exchange. The kinematic labels are as
follows:
p k
4dd˙ 3cc˙
2bb˙1aa˙
.
5Recall that the coupling of two-forms to gauge field is done via the three-form field strength H2 as well
as B ∧ F ∧ F . Denoting the resulting three-point coupling as V1 and V2 respectively, we are interested in the
parity-odd contribution from the gluing of V1 and V2. We will discuss this in more detail in subsection 4.3
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The sewing of two self-dual tensors and anti-self-dual tensors are given by:6
AB3LA
B
3R =
1
2
(
∆(e|daup|f)∆
e
bcu
f
k
) (
u˜1a˙u˜4d˙u˜2b˙u˜3c˙
)
=
1
2
[
u1au4du2bu3c − 2s(u1aw4d + u4dw1a)(u2bw3c + u3cw2b)
]
u˜1a˙u˜4d˙u˜2b˙u˜3c˙
AB¯3LA
B¯
3R =
1
2
u1au4du2bu3c
[
u˜1a˙u˜4d˙u˜2b˙u˜3c˙ − 2s(u˜1a˙w˜4d˙ + u˜4d˙w˜1a˙)(u˜2b˙w˜3c˙ + u˜3c˙w˜2b˙)
]
,
where k and p refers to the momentum in the internal leg with k = −p. Thus the parity-odd
contribution to the rational term coming from a two-form exchange is given by:
Rest = A
B
3LA
B
3R −AB¯3LAB¯3R
= s(u1aw4d + u4dw1a)(u2bw3c + u3cw2b)(u˜1a˙u˜4d˙u˜2b˙u˜3c˙)
−s(u˜1a˙w˜4d˙ + u˜4d˙w˜1a˙)(u˜2b˙w˜3c˙ + u˜3c˙w˜2b˙)(u1au4du2bu3c) . (4.7)
Following [32] one can straightforwardly rewrite this in terms of the full six-dimensional
spinors as:
Rest = −
〈1a2b3c4d〉[1a˙|2|3c˙][4d˙|1|2b˙]− 〈1a|2|3c〉〈4d|1|2b〉[1a˙2b˙3c˙4d˙]
s
. (4.8)
We will now show that eq.(4.8) is equivalent to F (4)/s, the residue in eq.(3.15) and eq.(3.26).
First we list the following useful identities:
〈ijml〉[i|j|n] = 〈i|j|m〉{〈j|n]〈l|i] − 〈j|i]〈l|n]}
+〈i|j|l〉{〈j|i]〈m|n] − 〈j|n]〈m|i]} + 〈l|j|m〉〈j|i]〈i|n] ,
[ijml] 〈i|j|n〉 = [i|j|m]{[〈n|j]〈i|l] − 〈i|j]〈n|l]}
+[i|j|l]{[〈i|j]〈n|m] − 〈n|j]〈i|m]} + [l|j|m]〈i|j]〈n|i] . (4.9)
We have suppressed the little group labels. These identities can be derived by noting that
each product on the LHS involves the product of two SU(4) Levi-Cevitas, the latter of which
can be rewritten as a product of Kronecker deltas. Defining
fijml ≡ 〈ijml〉[i|j|m][l|i|j] − [ijml]〈i|j|m〉〈l|i|j〉 , (4.10)
and using momentum conservation, ki + kj + km + kl = 0, it is trivial to show that fijml =
fjilm = fmlij = flmji. Substituting eq.(4.9) into eq.(4.10), one finds
fijml = sij
{〈i|m]〈m|j]〈j|l]〈l|i] + 〈i|j]〈j|l]〈l|m]〈m|i]
− 〈i|l]〈l|j]〈j|m]〈m|i] − 〈i|m]〈m|l]〈l|j]〈j|i]}
+
{〈i|j]〈j|i]〈l|m] − 〈l|i]〈i|j]〈j|m] − 〈l|j]〈j|i]〈i|m]}〈m|pipj|l]
−{〈i|j]〈j|i]〈m|l] − 〈m|j]〈j|i]〈i|l] − 〈m|i]〈i|j]〈j|l]}〈l|pjpi|m]
+2
{〈i|j]〈j|m]〈m|i] + 〈i|m]〈m|j]〈j|i]}〈l|pipj|l] (4.11)
6For the variables related to legs k and p, one can show that (up · uk)(u˜k · u˜p) = −s. Using the bi shift
invariance, one can ”gauge fix” wp and wk such that:
(wp · up) = (wk · uk) = 0
and similar result for (w˜p · u˜p) and (w˜k · u˜k). Furthermore, we also have (wp · wk) = 1/(up · uk). The leftover
rescaling symmetries αL can αR can be further fixed by requiring (uk · up) = (u˜k · u˜p) =
√−s.
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so that one can show that
8F (4) = f1234 + f2143 + f3412 + f4321 − f2134 − f1243 − f3421 − f4312 . (4.12)
Thus we conclude that
2F (4) = f1234 − f2134 . (4.13)
Finally, one can show that fijml = −fjiml by using Schouten identity,
[i|j|m][l|i|j] = 2sij [mlij]− [l|j|i][m|i|j] ,
〈i|j|m〉〈l|i|j〉 = 2sij〈mlij〉 − 〈l|j|i〉〈m|i|j〉 . (4.14)
Thus in conclusion, we indeed find that
Rest = −f1234
s
= −F
(4)
s
, (4.15)
which is precisely the residue observed in the t-channel factorization limit in chiral QED
and QCD, i.e. eq.(3.15) and eq.(3.26). This confirms that the final parity-odd amplitude
that satisfies unitarity and locality has a factorization channel which is consistent with the
tree-level exchange of a two-form.
4.3 Comments on tree-level gauge invariance
Let us consider the following question: is it possible to construct a parity-odd four-point gluon
amplitude that is purely rational and whose factorization channels include the exchange of a
self-dual two-form? From eq.(4.15), we see that the t-channel exchange of a two-form has a
residue that also involves an s (u) channel pole. This implies that any amplitude that has a
t-channel B-field exchange must also include an s- or an u-channel exchange.7 Without loss
of generality, let us assume that the other channel is an s-channel pole. Since the residue
on the s-channel pole is simply a cyclic rotation of eq.(4.15), it is easy to see that the only
solution is given by:8
F (4)(s− t)
stu
. (4.16)
Thus, naively, one would conclude that the answer to the question at the beginning of this
section is yes. Note however, that the result in eq.(4.16) has a non-vanishing u-pole, whose
residue is twice that of the would-be two-form exchange residues in the s- or t-channels:
Resu
[
F (4)(s − t)
stu
]
=
−2F (4)
s
, Ress
[
F (4)(s− t)
stu
]
=
−F (4)
u
, Rest
[
F (4)(s− t)
stu
]
=
F (4)
u
.
(4.17)
This factor of 2 makes it impossible for the collinear limit of all channels in eq.(4.16) to
consistently factorize into the same three-point amplitudes. In other words, one cannot
obtain a purely rational four-point parity-odd amplitude whose poles can be consistently
interpreted as the exchange of a two-form.
The difficulty above is precisely an on-shell way of saying that one cannot have consistent
tree-level coupling of a two-form with vector fields, if the coupling allows for parity-odd
7For t = 0, s = −u. So on the t-channel pole one cannot distinguish an s-channel from an u-channel pole.
8It is impossible to have terms that do not have poles. This is simplest to see using polarization vectors.
The amplitude has mass-dimensions 2 and involves a Levi-Cevita. The only pole-free structure that satisfies
this criteria is that of the form ǫ(F1F2e3e4), which cannot be made gauge invariant.
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amplitudes. This is a reflection of the fact that one cannot maintain gauge invariance if
the vectors couple to the two-form via both the three-form field strength, and a parity-odd
coupling. Recall that in the standard Green-Schwarz mechanism, one introduces an irrelevant
operator B ∧ F ∧ F , which when combined with the cross terms in H2 ≡ (dB + ω3)2 with
ω3 = tr(FA − A3/3), generates the requisite gauge anomaly. The anomaly arises from the
fact that one cannot define the gauge variation of the two-form Bµν such that both B∧F ∧F
and H2 are simultaneously gauge invariant. As a consequence, the tree-diagram that involves
a vertex from B∧F ∧F and another from H2 is always anomalous under the gauge variation:
 V1 V2
1
2 3
4
Bµν


∣∣∣∣∣∣∣
ǫ1→k1
= 2F2 ∧ F3 ∧ F4 (4.18)
where V1 = ∂[µBνρ]tr(A
µ∂νAρ) and V2 = B ∧ tr(F ∧ F ). Note that the combination of V1
and V2 is precisely what produces a parity odd-amplitude.
The only way out of this predicament, from an on-shell view point, is if something else
absorbed the excess residues. This is precisely what the cut-constructible part of the one-loop
chiral fermion accomplished in sec. 3.3! Thus we have arrived at the following conclusion: A
tree-level exchange of two-forms coupled to external gauge fields is consistent with locality
and unitarity only if it is accompanied by the cut-constructible part of a chiral fermion loop.
Thus instead of gauge anomaly cancellation, from the on-shell view point it is the cancellation
of excess residues on factorization poles. Not surprisingly, eq.(4.16) appears as the rational
term required by locality in eq.(3.25). Note that for chiral chiral QED, the same analysis
applies, and the only difference is that the rational term cancels in the end, as can be seen
from eq.(3.25) by identifying all trace factors.
5 Gauge invariant rational terms from Feynman rules
In this section, we make contact between the traditional discussion of perturbative anomalies,
from analysis of Feynman diagrams, and the previous on-shell presentation. Straightforward
analysis of one-loop Feynman diagrams shows that, in D = 2(n − 1)-dimensions, the first
non-zero parity-odd terms appear at n-points. As such, only the parity-odd terms in the
n-gon Feynman diagram are relevant to our discussion.
After integral reduction, the scalar integral coefficients exactly match those obtained from
generalized unitarity. However, rational terms obtained from this integral reduction are not
gauge-invariant. This is the source of the anomaly. Crucially, the Green-Schwarz mechanism
introduces new gauge-variant interactions directly into the action which cancel the gauge-
variation of the rational term from the chiral fermion loop. Combining the Green-Schwarz
trees with the anomalous rational term remarkably, though unsurprisingly, produces pre-
cisely the gauge-invariant rational term, in section 3.3, required by locality from generalized
unitarity.
The calculation is organized as follows. First, we extract the gauge-variant rational terms
from the n = D/2+1-point one-loop Feynman diagram with internal chiral fermions and ex-
ternal gluons. The rational term, for a given cyclic ordering of gluons, is given by the product
of a permutation-invariant function of the external data multiplied by a color-trace. Second,
guided by the color-structure of the full one-loop amplitude, we extract the unique, gauge-
invariant, combination of one-loop chiral QCD amplitudes and tree-level, parity-violating,
gravitational amplitudes. Finally, we present explicit forms for the n-gon integral coeffi-
cients, in both six- and eight-dimensions. The structure of these integral coefficients makes
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it clear that the structure of the highest-order integral coefficient in D-dimensions contains
all the information concerning the Green-Schwarz mechanism that is conventionally accessed
only through an action point of view.
5.1 The anomalous rational term
To cleanly extract the parity-odd rational terms inD = 2(n−1)-dimensions, it is convenient to
separate the loop-momenta, ℓµ, into D-dimensional and −2ǫ dimensional pieces, respectively
ℓ¯µ and µµˆ:
ℓµ → ℓ¯µ + µµˆ . (5.1)
In this notation, the external momenta is purely D-dimensional, and one has,
1
(ℓ+ k)2
=
1
(ℓ¯+ k1)2 + µ2
. (5.2)
Similar separation is required for the definition of the corresponding Gamma matrices. We
follow the conventions of ’t Hooft and Veltman:
γµ → γ¯µ + γˆµˆ . (5.3)
The extra −2ǫ-dimensional piece, γˆµˆ, satisfies the following commutation relations,
{γˆµˆ, γˆνˆ} = ηµˆνˆ , {γˆµˆ, γ¯ν} = 0, [γ−1, γˆνˆ ] = 0 , (5.4)
where γ−1 denotes the D-dimensional chiral matrix (γ−1 = γ5 in four-dimensional notation).
Note that γˆµˆ may only be contracted with µµˆ; all other vectors in the problem are purely
D-dimensional.
First note that due to the following identity,
(1 + γ−1)(6K(D))(1− γ−1) = 2(1 + γ−1)(6K(D)), (1 + γ−1)(6µ)(1 − γ−1) = 0 , (5.5)
where KD is some D-dimensional vector, it is straightforward to see that the spinor traces
of the n = D/2 + 1-point amplitude will project out all −2ǫ-dimensional components of the
loop-momenta. For example, in D = 6 the numerator of the box-diagram (a), derived by
stringing together four chiral-fermion-gluon vertex V3 = ψ¯ 6A(1 + γ−1)ψ, is given as:
k1 k2
k3k4
ℓ k1
k4
k2
k3
ℓ
(a) (b)
n(a) = tr[6e1(1 + γ−1)6 ℓ 6e2(1 + γ−1)(6 ℓ− 6k2)6e3(1 + γ−1)(6 ℓ− 6k2 − 6k3)6e4(1 + γ−1)(6 ℓ+ 6k1)]
= 8tr[γ−1 6e1 6 ℓ¯(6) 6e2(1 + γ−1)(6 l¯ − 6k2)6e3(6 ℓ¯− 6k2 − 6k3)6e4(6 ℓ¯+ 6k1)] . (5.6)
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To reiterate, by virtue of the commutation-relations for γˆµˆ, the loop-momenta in the numer-
ator are purely D-dimensional. Similarly, the numerator of the triangle diagram is purely
D-dimensional:
n(b) = tr[γ−1 6J1,4(6 ℓ¯+ 6 k2)6ǫ2 6 ℓ¯ 6ǫ3(6 ℓ¯− 6k3)]
= ǫ(J14k2e2ℓ¯e3k3) , (5.7)
where Jµ14 is the current at the three-point gluon vertex. This diagram integrates to zero due
to its linear dependence in loop-momentum: through integral reduction, ℓ¯ is expanded on the
vector k2 and k3, and therefore vanishes in the six-dimensional Levi-Cevita tensor.
Equipped with this specific six-dimensional example, it is straightforward to generalize:
the parity-odd amplitudes in D-dimensions first appear at n = D/2 + 1-points, and all non-
trivial contributions come from the numerator of the n-gon chiral fermion loop. Standard
gamma-matrix trace identities dictate that the gamma-trace tensor, schematically, reduces
in the following way:
tr[γ−1γ
a1 · · · γa2n ] = ηa1a2ǫa3···a2n + · · · . (5.8)
Again, by the antisymmetry of the D-dimensional ǫa1···aD -tensor, no term in the numerator
may contain more than three powers of ℓ¯. Now, integral reduction of the n-gon numerator
casts the parity-odd amplitude onto a scalar integral basis. With at most three powers of
loop-momenta in the numerator, the amplitude is a combination of n, (n−1) and (n−2)-gon
scalar integrals—and the attendant rational terms.9 Of these three scalar integrals, only the
(n−1)-gon and the (n−2)-gon integrals diverge in the ultraviolet. Their integral coefficients,
which are gauge invariant, must ensure cancellation of ultraviolet divergences.
Since these scalar integral coefficients may be uniquely determined from unitarity cuts,
which are simply products of gauge-invariant quantitaties, they must be gauge invariant.
However, the same cannot be said of rational terms. Indeed, integral reduction produces
rational terms that are not gauge invariant. This is most simply exhibited by terms in the
n-gon integral with tensor numerators of degree-two in the D-dimensional loop-momenta:
ℓ¯µℓ¯ν
ℓ2(ℓ− k1)2 · · · (ℓ+ kn)2 . (5.9)
In integral reduction, one expands
ℓ¯µℓ¯ν = a0η
µν + aijk
µ
i k
µ
j , (5.10)
where i, j runs over the independent momenta of the external states. Contraction of both
sides of the equation with ηµν partially fixes the coefficients a0, and aij. Under this operation,
the LHS simply becomes ℓ¯2 = ℓ2 − µ2, i.e. an inverse propagator and a −µ2-term. Insertion
of the expansion in eq.(5.10) back into eq.(5.9), thus yields a collection of n-, (n − 1)-, and
(n − 2)-gon scalar integrals and an n-gon scalar integral with a µ2 numerator. Explicit
integration of the latter either vanishes at O(ǫ), or gives a rational term. For example, one
finds: ∫
dℓ(D)dµ−2ǫ
(2π)D−2ǫ
ID/2+1[µ
2] = − 1
(4π)D/2
1
(D/2)!
+O(ǫ) . (5.11)
Note that since the numerator of this integral depends on µ2, it is not directly detectable inD-
dimensional unitarity cuts. Furthermore, such terms only arise from terms in the numerator
9Note the distinction between m < n-gons in the chiral gauge theory and those, obtained by integral
reduction from the defining n-gon, that multiply the scalar m < n-gon loop-integrals.
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with two or more powers of loop-momenta, which is indeed the case for n(a) in eq.(5.6). Note
that since rational terms only appear at one-loop in even-dimensions, this automatically leads
to the conclusion that anomalies can only appear at one-loop in even-dimensions.
Straightforwardly carrying-out integral reduction in this manner, and isolating the ratio-
nal terms, yields the anomalous, parity-odd, rational terms for D = 6, 8, and 10:
RanomD=6 = −
[
G(123) +G(124) +G(134)
] |k1→e1F2 ∧ F3 ∧ F4
3 ∗ 4! ∗Gram(1,2,3)
+ (cyclic)
RanomD=8 = −
[
G(1234) +G(1345) +G(1235) +G(1245)
] |k1→e1F2 ∧ F3 ∧ F4 ∧ F5
4 ∗ 5! ∗Gram(1,2,3,4)
+ (cyclic)
RanomD=10 = −
[
G(12345) +G(13456) +G(12356) +G(12456) +G(12346)
] |k1→e1F2 ∧ F3 ∧ · · · ∧ F6
5 ∗ 6! ∗Gram(1,2,3,4,5)
+(cyclic) , (5.12)
where G(i1,··· ,il) is the determinant of the Gram-matrix of ki1 , · · · , kil , and the notation
G(12345)|k1→e1 indicates that we linearly replace k1 with k1 + ae1 in G(12345), and collect
the coefficient in front of a. For example for D = 6:[
G(123) +G(124) +G(134)
] |k1→e1 = [tu(ǫ1 · k2) + st(ǫ1 · k3) + su(ǫ1 · k4)] . (5.13)
The presence of the Gram-determinant in the denominator is simply due to the integral
reduction procedures. These rational terms are in fact invariant under permutations of the
kinematic labels, and thus the rational term for the full color-dressed amplitude is given by:
Ranom = Ranomstr(T1 · · ·Tn) . (5.14)
It is straightforward to verify that these terms precisely give the anomaly: the variation of the
polarization vector, ǫi → ki, automatically produces Gram determinants in the numerator
that cancel against those in the denominator, leaving
δe1→k1Ranom = F2 ∧ F3 ∧ · · · ∧ Fn × str(T1 · · · Tn) . (5.15)
Crucially if str(T1 · · ·Tn) = 0, the original condition for anomaly cancellation, then the entire
parity-odd rational term vanishes. Note that this is consistent with the previous on-shell
analysis, which showed that if str(T1 · · ·T4) = 0, all spurious poles cancel and no rational
terms are needed for locality.
5.2 Gauge-invariant rational terms
Anomaly cancellation is more subtle when str(T1 · · ·Tn) does not vanish. Here, we construct
the parity-odd gauge-invariant rational building-blocks seen in gauge-invariant expressions of
parity-odd integral coefficients. Rather than construct gauge-invariant rational terms from
unitarity cuts, we extract them in the more traditional way, from Feynman diagrams.
As in the previous calculation, we begin with a study of anomaly cancellation in six-
dimensions, where we make contact with both the Green-Schwarz mechanism, and with the
previous on-shell results. Here, the anomalous rational term can be conveniently written as:
Ranom = − 1
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[(
(ǫ1 · k2)
s
+
(ǫ1 · k3)
u
+
(ǫ1 · k4)
t
)
F2 ∧ F3 ∧ F4 + (cyclic)
]
str(TaTbTcTd) .
(5.16)
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If the symmetrized color-factor does not vanish, then the gauge-variation of the parity-odd
rational term may be cancelled via the Green-Schwarz mechanism if and only if there exists
a representation ta such that the trace factorizes str(TaTbTcTd) = tr(tatb)tr(tctd). As dis-
cussed above, the Green-Schwarz mechanism introduces a two-form with both parity-even
and parity-odd couplings to gauges field via,
LI = HabcHabc = [dB + tr(A ∧ dA)]2 , and
LII = B ∧ tr(F (1) ∧ · · · ∧ F (D/2−1)) , which for D = 6 reduces to (5.17)
−→ B ∧ tr(F (1) ∧ F (2)) . (5.18)
As repeatedly stated above, these two interactions cannot be made mutually gauge-invariant,
and their gauge-variance cancels against that of the anomalous rational term.
To see how this happens, consider the parity-odd s-channel Feynman trees coupling gluons
via two-form exchange. Parity violation mandates that both distinct interactions enter into
the tree amplitude; the color-structure of the interactions dictates that these and only these
parity-odd trees are proportional tr(t1t2)tr(t3t4). The detailed structure of the s-channel tree
contribution is,
GS 6d tree(12) =
tr(t1t2)tr(t3t4)
6 s
[
(F1∧F2∧F4)(ǫ3 ·k4)+(F1∧F2∧F3)(ǫ4 ·k3)+
{
(1, 2)↔ (3, 4)}] .
(5.19)
Adding GS 6d tree(12) and R
anom, the term proportional to tr(t1t2)tr(t3t4) is:(
Ranom +GS 6d tree(12)
)
=
1
18
[(
2
(ǫ1 · k2)
s
− (ǫ1 · k4)
t
− (ǫ1 · k3)
u
)
F2 ∧ F3 ∧ F4
]
+
1
18
[(
2
(ǫ2 · k1)
s
− (ǫ2 · k3)
t
− (ǫ2 · k4)
u
)
F3 ∧ F4 ∧ F1
]
+
1
18
[(
2
(ǫ3 · k4)
s
− (ǫ3 · k2)
t
− (ǫ3 · k1)
u
)
F4 ∧ F1 ∧ F2
]
+
1
18
[(
2
(ǫ4 · k3)
s
− (ǫ4 · k1)
t
− (ǫ4 · k2)
u
)
F1 ∧ F2 ∧ F3
]
.(5.20)
It is amusing that the Green-Schwarz contribution simply tweaks the coefficient in the anoma-
lous rational term such that the combination is gauge invariant. Converting the above into
on-shell form, one finds:
Ranom +GS 6d tree(12) = −
(t− u)
18stu
F 4 . (5.21)
We see that the gauge invariant combination is precisely the rational term in eq.(3.25)!
Imposing locality on the result obtained from unitarity cuts inevitably leads to the rational
term that is precisely the remnant combination of the anomalous rational term and the
Green-Schwarz tree-amplitude. In other words, the amplitude not only “knows” that there
is a new particle in the spectrum, it also knows that there is a remnant from the cancelation
and its precise form.
Cancellation between the parity-odd, anomalous, rational term and the Green-Schwarz
mechanism is slightly more subtle in eight-dimensions and higher: as noted in the original
literature, new terms in the action are needed [12, 14]. Recall that the full Ranom is given by
Ranom(1 · · · n)str(T1 · · ·Tn). For gauge-theories which admit Green-Schwarz anomaly cance-
lation, in factorized form, this can be rewritten as,
Ranom = Ranom(1 · · · n)
∑
ab
tr(tatb)str(tc3 · · · tcn) , (5.22)
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where the sum is over all distinct
(n
2
)
pairs of particle labels. Under a gauge-variation,
ǫ1 → k1, the anomalous rational term becomes,
Ranom∣∣
ǫ1→k1
=
(
F2 ∧ · · · ∧ Fn
)×∑
ab
tr(tatb)str(tc3 · · · tcn) . (5.23)
Thus we see that a gauge-variation of the anomalous rational terms will have all possible
double-trace structures.
However the gauge variation of any Green-Schwarz tree, say ǫ1 → k1, must be to pro-
portional to a particular subset of double-trace structures: tr(t1tj)str(tc3 · · · tcn). In other
words, the classic Green-Schwarz trees are insufficient to cancel all gauge-anomalies in eight-
dimensions and higher! Alternatively, it is not possible for the coefficient of any particular
double-trace structure, arising from the conventional Green-Schwarz tree and the anomalous
rational term, to be made gauge-invariant for all possible variations.
Not surprisingly, the missing cancellation comes from local counter-terms which are free
of poles:
LIII = ω{12}3 ∧ ω{3...n}D−3 (5.24)
=
{[
tr(A1 ∧ dA2) ∧ tr(A3 ∧ F4 ∧ · · · ∧ Fn) + (1↔ 2)
]
+ P(3 · · · n)
}
,
Under gauge-variations, these interactions transform in the following way:
ω
{45}
3 ∧ ω{123}5
∣∣
ǫ1→k1
= −3(F2 ∧ F3 ∧ F4 ∧ F5)× 5∑
b=2
tr(t4t5)str(t1t2t3) ,
ω
{45}
3 ∧ ω{123}5
∣∣
ǫ5→k5
= +2
(
F1 ∧ F2 ∧ F3 ∧ F4
)× 5∑
b=2
tr(t4t5)str(t1t2t3) ,
where, for concreteness, we have chosen a particular wedge-product in eight-dimensions. Us-
ing these new contact terms, we may now construct gauge-invariant rational terms in arbitrary
even-dimensional spaces. The gauge-invariant coefficient of, for instance, the tr(12)str(345)
double-trace term present in the eight-dimensional five-point one-loop parity-odd rational
term is:
Inv8d(12) = R
anom −
{
5
2
(
GS 8d tree(12)
)
+
1
2
(
ω
{12}
3 ∧ ω{345}5
)}
, where (5.25)
GS 8d tree(12) =
(
2ǫ1 · k2
s12
F2 ∧ F3 ∧ F4 ∧ F5 + 2ǫ2 · k1
s12
F3 ∧ F4 ∧ F5 ∧ F1
)
, (5.26)
where these expressions come explicitly from the Feynman rules for the interaction terms in
eqs. (5.17) and (5.24). The corresponding structure which appears in ten dimensions is given
by,
Inv10d(12) = R
anom −
{
6
2
(
GS 10d tree(12)
)
+
1
2
(
ω
{12}
3 ∧ ω{3456}7
)}
, where (5.27)
GS 10d tree(12) =
(
2ǫ1 · k2
s12
F2 ∧ F3 ∧ F4 ∧ F5 ∧ F6 + 2ǫ2 · k1
s12
F3 ∧ F4 ∧ F5 ∧ F6 ∧ F1
)
.(5.28)
One may explicitly check that these sums are manifestly gauge-invariant in all lines.
21
5.3 Integral coefficients from invariant rational terms
These gauge-invariant parity-odd rational objects, “remnants”, constructed explicitly from in-
terference between the gauge-anomalies between Feynman diagrams, furnish a set of building-
blocks for the gauge-invariant integral-coefficients. Intriguingly, the structure of the highest-
oder integral coefficient (the box in D = 6) in a given cyclic ordering may be neatly rewritten,
CD=64 (1, 2, 3, 4) =
s12s23s34s41
Gram(1,2,3)
× (Inv6d(12) + Inv6d(23) + Inv6d(34) + Inv6d(41)) (5.29)
where, as commented above, Gram(1,2,3) = stu = s12s14s13, and the six-dimensional in-
variants may be rewritten in terms of the spinor-helicity variables, as reflected in eq. (5.21).
Motivated by this natural form for the parity-odd box-coefficient in six-dimensions, one would
naturally conjecture that the pentagon-coefficient in eight-dimensions, etc., would be related
to those invariant building-blocks in a similarly nice way. Indeed, the ansatz,
CD=85 (1, 2, 3, 4, 5) =
s12s23s34s45s51
Gram(1,2,3,4)
× (Inv8d(12) + Inv8d(23) + Inv8d(34) + Inv8d(45) + Inv8d(51)) (5.30)
exactly reproduces the parity-odd scalar pentagon-coefficient extracted from the (1, 2, 3, 4, 5)-
pentagon diagram in the chiral gauge-theory. In other words, the gauge-invariant integral
coefficients contain explicit information about these “remnant” rational terms, leftover after
anomaly cancellation between the Green-Schwarz trees and the chiral-fermion loops.
Natural extensions of this ansatz to the (famous) parity-odd hexagon-coefficient [12] fail,
due to the complicated singularity structure at six-points, inherent in the scalar hexagon-
integral. However, as mentioned in the introduction, recent methods [16] exploit differential
equations to capture the behavior of integrals near their singularities without the need to
explicitly integrate them. It would be extremely interesting to use these methods to uniquely
fix the parity-violating sectors in ten-dimensions. Successful implementation of this program
would forcefully assert the conclusion that the highest-order integral-coefficient in the parity-
odd sector of a theory entirely dictates the structure of the whole amplitude. We leave such
explorations for future work, and move-on to address the pressing issue of how the pertur-
bative gravitational anomalies, in theories with chiral- yet CPT-invariant spectra, manifest
themselves in the on-shell S-matrix in, for example, six-dimensions [15].
6 D = 6 Gravitational anomaly
In this section we will be interested in gravity coupled to various chiral-matter in six-
dimensions. We will compute the cut-constructible piece of the parity-odd one-loop four-
point graviton amplitude, which will be unique to chiral-matter. In six-dimensions, there are
three types of chiral coupling for gravity theories. Chiral-matter includes chiral-fermions as
well as (anti) self-dual two-forms, while for supergravity theories there is also the presence
of chiral-gravitinos. The presence of self-dual two-forms introduces an interesting question
which can be readily addressed from our perspective: for a generic number of (anti) self-dual
two-forms, there are no covariant actions and hence Feynman rules are unavailable. However,
from an S-matrix point of view, there is no problem of defining consistent tree-level scattering
amplitudes involving chiral two-forms, and this is all that is needed for the construction of it’s
quantum corrections. We will proceed by applying unitarity methods to compute the coeffi-
cients in the scalar-integral basis. This again defines the S-matrix up to rational ambiguities,
which we will fix by enforcing locality.
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It is well known that at the quantum level, chiral two-forms induce an anomaly when
coupled to gravity. Thus a non-trivial test is to demonstrate that one recovers both the
gravitational anomaly, and their attendant anomaly cancellation conditions, in the process
of demanding unitarity and locality. As we now show, this is indeed the case.
6.1 D = 6 chiral tree-amplitude for M4(hhXX)
We begin by presenting the four-point amplitude for two gravitons coupled to a pair of chiral
gravitinos, self-dual two-forms, and chiral spinors respectively:
M4(ha1b1a˙1 b˙1 , ha2b2a˙2 b˙2 , ψa3b3a˙3 , ψa4b4a˙4) = (6.1)
〈1a12a23a34a4〉〈1b12b23b34b4〉[1a˙12a˙23a˙34a˙4 ][1b˙1 |3|2b˙2 ]
s t u
∣∣∣∣
sym
,
M4(ha1b1a˙1 b˙1 , ha2b2a˙2 b˙2 , Ba3b3 , Ba4b4) = (6.2)
〈1a12a23a34a4〉〈1b12b23b34b4〉[1a˙1 |3|2a˙2 ][1b˙1 |4|2b˙2 ]
s t u
∣∣∣∣
sym
,
M4(ha1b1a˙1 b˙1 , ha2b2a˙2 b˙2 , χa3 , χa4) = (6.3)
〈1a12a23a34a4〉〈1b1 |3|2b2〉[1a˙1 |4|2a˙2 ][1b˙1 |4|2b˙2 ]
s t u
∣∣∣∣
sym
,
where |sym indicates the symmetrization of the SU(2) indices if more than one is present for
a given leg. The symmetrization reflects the fact that the graviton, gravitino, self-dual two-
form and chiral spinor transforms as (3, 3), (2, 3), (0, 3) and (0, 2) under the SU(2)×SU(2)
little group.
The validity of the above amplitude can be confirmed by showing that on all three fac-
torization poles, it factorizes correctly into a product of three-point amplitudes involving two
chiral states coupled to a graviton. The three-point amplitudes are uniquely determined from
little group requirements [35]:
M3(ha1b1a˙1 b˙1 , ψa2b2a˙2 , ψa3b3a˙3) = (∆a1a2a3∆˜a˙1a˙2a˙3)(∆b1b2b3 u˜1b˙1)
∣∣∣∣
sym
, (6.4)
M3(ha1b1a˙1 b˙1 , Ba2b2 , Ba3b3) = (∆a1a2a3 u˜1a˙1)(∆b1b2b3 u˜1b˙1)
∣∣∣∣
sym
, (6.5)
M3(ha1b1a˙1 b˙1 , χa2 , χa3) = (∆a1a2a3 u˜1a˙1)(u1b1 u˜1b˙1)
∣∣∣∣
sym
. (6.6)
Alternatively, the above four-point amplitudes can be derived from the fully supersymmetric
N = (2, 2) supergravity amplitude. In superspace, for the sake of being explicit, the full
multiplet is given by an expansion of ηia, η˜iˆa˙s, where i, iˆ = 1, 2. Thus we have in total 8
grassmann variables, and the superfield is expanded as
Φ(ηia, η˜iˆa˙) = φ+ ηiaψia + η˜
iˆa˙ψ˜iˆa˙ + η
2(ij)φ(ij) + η˜
2(ˆijˆ)φ˜(ˆijˆ) + η
i(aη
b)
i B(ab) + η˜
iˆ(a˙η˜
b˙)
iˆ
φ˜(a˙b˙) + η˜
a˙
iˆ
ηajA
iˆj
aa˙
+ η2(ij)η˜a˙iˆψ˜(ij )ˆia˙ + η˜
2(ˆijˆ)ηaiψ(ˆijˆ)ia + η
aiηjaη
b
iψjb + η˜
a˙iˆη˜jˆa˙η˜
b˙
iˆ
ψ˜jˆb˙ + η
2(ab)η˜jˆa˙ψ(ab)a˙jˆ + η˜
2(a˙b˙)ηiaψ˜i(a˙b˙)a
+ η2(ij)η˜2(ˆijˆ)φ(ij)(ˆijˆ) + η
2(ab)η˜2(a˙b˙)g(ab)(a˙b˙) + η
2(ab)η˜2(ˆijˆ)B(ab)(ˆijˆ) + η
2(ij)η˜2(a˙b˙)B(ij)(a˙b˙)
+ ηiaηjaη
b
i η˜
iˆa˙Aiˆjba˙ + η˜
iˆa˙ηjˆa˙η
b˙
iˆ
ηiaAjˆiab˙ + η
4φ′ + η˜4φ˜′ + · · · ,
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where · · · are degree 5 and higher in grassmann variables. One can see the bosonic states
are 2× 1 + 2× (4× 3 + 4× 4) + (4× 3× 3 + 2× 4× 4) = 126, as expected for maximal super
gravity. The N = (2, 2) supergravity four-point amplitude is given by
A4 = δ
8(Q)δ8(Q˜)
stu
, δ8(Q) ≡
2∏
i=1
4∏
A=1
(
4∑
n=1
λAan η
i
na
)
, δ8(Q˜) ≡
2∏
iˆ=1
4∏
A=1
(
4∑
n=1
λ˜a˙nAη˜
iˆ
na˙
)
.
(6.7)
The component amplitudes can be obtained as:
eq.(6.2) = A4|
η
2(ab)
1 η˜
2(a˙b˙)
1 η
2(ab)
2 η˜
2(a˙b˙)
2 η
2(ab)
3 η˜
jˆa˙
3 η˜
iˆ
3a˙η˜
b˙
3jˆ
η
2(ab)
4 η˜
jˆa˙
4
,
eq.(6.3) = A4|
η
2(ab)
1 η˜
2(a˙b˙)
1 η
2(ab)
2 η˜
2(a˙b˙)
2 η
2(ab)
3 η˜
2(ˆijˆ)
3 η
2(ab)
4 η˜
2(ˆijˆ)
4
,
eq.(6.4) = A4|
η
2(ab)
1 η˜
2(a˙b˙)
1 η
2(ab)
2 η˜
2(a˙b˙)
2 η˜
2(ˆijˆ)
3 η
ai
3 η˜
2(ˆijˆ)
4 η
ai
4 η
j
4aη
b
4i
.
We now proceed to use these results to construct the parity-odd four-point one-loop ampli-
tude, where the potential anomalies reside.
6.2 Chiral loop-amplitudes
Using the four-point tree-amplitudes with two graviton and two chiral-matter, we can now
proceed and compute the one-loop four-graviton amplitude with chiral-matter in the loop.
Again we begin by expanding the integrals in the scalar integral basis:
M1−L,odd;X4 = CX4 (1, 2, 3, 4)I1,2,3,4 + CX4 (1, 3, 4, 2)I1,3,4,2 + CX4 (1, 4, 2, 3)I1,4,2,3
+ CX3sI3s + C
X
3uI3u +C
X
3t I3t + C
X
2sI2s + C
X
2uI2u + C
X
2t I2t +R , (6.8)
where X = (ψ,B, χ) represents the contribution from the chiral gravitino, two-form, and
fermion respectively. Again to simplify our task, we single out a four-dimensional sub plane
spanned by the momenta of the external legs. This allows us to project the six-dimensional
states onto four-dimensional ones: the 3×3 = 9-degrees of freedom then becomes the graviton,
two vectors, and three-scalars respectively:
(h11,1˙1˙ , h22,2˙2˙) , (h12,2˙2˙ , h12,1˙1˙) , (h11,1˙2˙ , h22,1˙2˙) , (h12,1˙2˙ , h11,2˙2˙ , h22,1˙1˙) . (6.9)
Since we are considering the parity-odd part of the amplitude, to ensure that we have enough
vectors to span all six directions, we will choose all four six-dimensional graviton states to be
distinct. We begin with the following helicity configuration:
(1121˙2˙ , 2221˙1˙ , 3222˙2˙ , 4112˙2˙) .
The computation of the integral coefficients is straightforward and similar to that of the QCD
and QED computation. The slight distinction is that the highest power of mm˜ appearing in
the unitarity cuts is three times that of the gauge theories, which leads to the result that after
integral reduction, the power of poles for the scalar integrals will be higher. As an example,
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the mm˜-dependent integral coefficients for the self-dual two-form are given as:
C˜B4 (1, 2, 3, 4) = −
4(mm˜)2(s− t)(st+ 2umm˜)R(4)
stu2
,
C˜B4 (1, 3, 4, 2) = −
4(mm˜)2[s2u+ 2t(s− t)mm˜]R(4)
st2u
,
C˜B4 (1, 3, 2, 4) =
4(mm˜)2[t2u− 2s(s − t)mm˜]R(4)
s2tu
,
C˜B3s = −
4(mm˜)2(s2 + 3t2 + u2)R(4)
t2u2
, C˜B3t =
4(mm˜)2(3s2 + t2 + u2)R(4)
s2u2
,
C˜B3u = −
8(mm˜)2u(s− t)R(4)
s2t2
, (6.10)
where R(4) = 〈13〉2〈23〉2[12]2. In this special case, the coefficients of different loop species
have a simple relation:
5C˜B = −20C˜χ = −4C˜ψ . (6.11)
After integral reduction, the mm˜-dependent integral coefficients now becomes:
CB2s = −
2s(12s4 + 53s3t+ 91s2t2 + 75st3 + 49t4)R(4)
105t3u3
,
CB2t =
2t(49s4 + 75s3t+ 91s2t2 + 53st3 + 12t4)R(4)
105s3u3
,
CB2u = −
2u2(12s3 − 11s2t+ 11st2 − 12t3)R(4)
105s3t3
,
CB3s = −
4s2(4s6 + 23s5t+ 55s4t2 + 70s3t3 + 50s2t4 + 15st5 + 7t6)R(4)
105t4u4
,
CB3t =
4t2(7s6 + 15s5t+ 50s4t2 + 70s3t3 + 55s2t4 + 23st5 + 4t6)R(4)
105s4u4
,
CB3u = −
4u3(4s5 − s4t+ s3t2 − s2t3 + st4 − 4t5)R(4)
105s4t4
,
CB4 (1, 2, 3, 4) = −
8s2t2(s− t)R(4)
105u4
, CB4 (1, 3, 4, 2) = −
2s2u2(4s+ 3t)R(4)
105t4
,
CB4 (1, 3, 2, 4) =
2t2u2(3s + 4t)R(4)
105s4
, 5CB = −20Cχ = −4Cψ . (6.12)
25
Similarly, we can also computed the configuration (1112˙2˙ , 2221˙1˙ , 3222˙2˙ , 4111˙1˙) and the parity-
odd integral coefficients of self-dual 2-form loops are
C˜B4 (1, 2, 3, 4) = −
R(4)
t2u4
[8u2(t− u)(mm˜)3 + 2su(8s2 + 17su+ 8u2)(mm˜)2
+ 4st3(s− u)mm˜− s2t4] ,
C˜B4 (1, 3, 4, 2) = −
R(4)
t4u2
[8t2(t− u)(mm˜)3 − 2st(8s2 + 17st+ 8t2)(mm˜)2
− 4su3(s− t)mm˜+ s2u4] ,
C˜B4 (1, 3, 2, 4) = −
2(t− u)(s+ 4mm˜)(mm˜)2R(4)
t2u2
,
C˜B3s = −
2R(4)
t4u4
[4tu(t− u)(2t2 + 3tu+ 2u2)(mm˜)2
+ 2s(t− u)(2t4 + 5t3u+ 5t2u2 + 5tu3 + 2u4)mm˜+ s2(t5 − u5)] ,
C˜B3t =
2[4u(2t − u)(mm˜)2 + 2t2(2s − u)mm˜− st3]R(4)
tu4
,
C˜B3u =
2[4t(t− 2u)(mm˜)2 − 2u2(2s− t)mm˜+ su3]R(4)
t4u
,
C˜B2s = −
(t− u)[s(2t2 + tu+ 2u2) + 4(2t2 + 3tu+ 2u2)mm˜]R(4)
t3u3
,
C˜B2t = −
(s− t)(4mm˜− t)R(4)
tu3
, C˜B2u =
(s− u)(4mm˜− u)R(4)
t3u
, (6.13)
where R(4) = 〈13〉4[14]2. We list the contributions from chiral-fermion and chiral graviton
in appendix C. After the integal reduction of mm˜ terms, the integral coefficients of self-dual
2-form become
CB4 (1, 2, 3, 4) = −
s2(20t3 − 14t2u+ 8tu2 + 7u3)R(4)
105u5
,
CB4 (1, 3, 4, 2) =
s2(7t3 + 8t2u− 14tu2 + 20u3)R(4)
105t5
,
CB4 (1, 4, 2, 3) = −
(7t3 + t2u− tu2 − 7u3)R(4)
105s3
,
CB3s =
2(20t9 + 26t8u+ 9t6u3 + 15t5u4 − 15t4u5 − 9t3u6 − 26tu8 − 20u9)R(4)
105t5u5
,
CB3t =
2t(20t6 + 66t5u+ 72t4u2 + 35t3u3 + 47t2u4 + 61tu5 + 35u6)R(4)
105s3u5
,
CB3u = −
2u(35t6 + 61t5u+ 47t4u2 + 35t3u3 + 72t2u4 + 66tu5 + 20u6)R(4)
105s3t5
,
CB2s = −
2(30t6 − 11t5u+ 11tu5 − 30u6)R(4)
105t4u4
,
CB2t =
2(30t4 + 59t3u+ 21t2u2 − 12tu3 + 14u4)R(4)
105s2u4
,
CB2u = −
2(14t4 − 12t3u+ 21t2u2 + 59tu3 + 30u4)R(4)
105s2t4
. (6.14)
The contributions for chiral-fermion and chiral graviton are given in appendix C. Thus we
have the parity-odd contribution of the chiral-two from, up to the rational term in eq.(6.8).
We will now obtain it using locality.
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6.3 The rational term and gravitational anomaly
We will now fix our rational term by enforcing locality on the cut constructed piece of
the amplitude. However, before doing so, it is well known that gravity theories in 4k + 2-
dimensions can develop gravitational anomalies when coupled to chiral [15]. Recall, once
more, that the fingerprint of anomalies in on-shell amplitudes is the tension between enforcing
locality and unitarity on the full amplitude. We must see the presence of anomalies in our
attempt to construct the rational terms. Let us consider the various factorization limit at four-
points (non-singular terms are dropped). The factorization limit of (1121˙2˙ , 2221˙1˙ , 3222˙2˙ , 4112˙2˙)
is
M1−L,odd,B4, Cut
∣∣∣
s→0
= −u
2(5s+ 4u)R(4)
315s3
,
M1−L,odd,B4, Cut
∣∣∣
u→0
=
2t(4t2 + 6tu+ u2)R(4)
315u3
,
M1−L,odd,B4, Cut
∣∣∣
t→0
=
u2(5t+ 4u)R(4)
315t3
. (6.15)
The presence of higher-order poles is a clear violation of locality, and needs to be rectified
by additional rational terms. However, with a little thought, it is simple to see that there are
no gauge invariant rational terms to cancel the degree-3 poles. To see this, it is worthwhile
to note that the parity-odd gauge invariant rational terms for Yang-Mills theory constructed
so far are nicely built from the following gauge invariant combination:
Fi ∧ Fj ∧ Fk , (ǫi · kj − ǫj · ki) , (sij ǫi · ǫj − 2(ki · ǫj)(kj · ǫi)) , (6.16)
where the last term is added for completeness of the basis. At linear level, we can factorize
the gravity polarization tensor as ǫµν → ǫµǫν , and thus an acceptable parity-odd rational
term must be given by a sum of terms with single factor of Fi ∧Fj ∧Fk multiplied with other
invariants. Finally, assuming that the loop-amplitude is given by a covariant integrand,
through integral reduction, one can deduce that the highest power of poles for the rational
term must be at most one-less than that of the scalar-integral coefficients. Now since the
integral coefficients have at most fourth-order poles, the rational function must have at most
third-order poles. Furthermore, since in the four-dimensional representation, we have three-
scalars and a graviton, the only terms involving polarization vectors that are non-vanishing
when they are projected into scalar states are Fi ∧ Fj ∧ Fk and ǫj · ǫi. Since there can only
be one factor of the former, for a non-vanishing contribution one must include at least one
power of (sij ǫi · ǫj − 2(ki · ǫj)(kj · ǫi)), with only the first term in the parenthesis contributing
if i and j are scalars. However, the presence of an additional factor sij means that the power
of poles are further surpressed. Thus in summary we conclude that for the parity-odd gravity
invariant rational term for helicity (1121˙2˙ , 2221˙1˙ , 3222˙2˙ , 4112˙2˙) :
Any factorization channel that is associated with two four-dimensional scalars on
one-side can have at most degree-2 poles.
Thus there is no way for us to cancel the degree-3 poles in eq.(6.15)! In other words, they
have to cancel amongst themselves. Not surprisingly, the known anomaly-free combination:
21Mχ −Mψ + 4MB (6.17)
precisely achieves this! Note that the projection on to four-dimensional space, while simplifies
the computation, loses the information of the full six-dimensional covariance. Thus in this
simplified computation, we don’t expect to obtain the full six-dimensional anomaly conditions,
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but we should see the solution to the anomaly conditions ensuring locality of the final result,
and indeed it does. In fact for the current case, the anomaly-free combination cancels all
poles!
We can consider the helicity configuration of of (1112˙2˙ , 2221˙1˙ , 3222˙2˙ , 4111˙1˙) :
M1−L,oddψ4, Cut
∣∣∣
s→0
=
s+ 2t
84s2
R(4) ,
M1−L,oddψ4, Cut
∣∣∣
u→0
=
(100t3 − 96t2u− 181tu2 − 471u3)R(4)
2520u4
,
M1−L,oddψ4, Cut
∣∣∣
t→0
=
(471t3 + 181t2u+ 96tu2 − 100u3)R(4)
2520t4
,
M1−L,odd,B4, Cut
∣∣∣
s→0
= −s+ 2t
105s2
R(4) ,
M1−L,odd,B4, Cut
∣∣∣
u→0
=
(93t3 − 22t2u+ 12tu2 + 40u3)R(4)
1260t4
,
M1−L,odd,B4, Cut
∣∣∣
t→0
= −(40t
3 + 12t2u− 22tu2 + 93u3)R(4)
1260u4
,
M1−L,odd,χ4, Cut
∣∣∣
s→0
=
s+ 2t
420s2
R(4) ,
M1−L,odd,χ4, Cut
∣∣∣
u→0
=
(20t3 + 48t2u+ 31tu2 + u3)R(4)
2520u4
,
M1−L,odd,χ4, Cut
∣∣∣
t→0
= −(t
3 + 31t2u+ 48tu2 + 20u3)R(4)
2520t4
. (6.18)
Again the anomaly-free combination in eq.(6.17) precisely cancels the degree-4 poles. The
remaining degree-3 and lower poles can be completely canceled by the following invariant
rational term:
R =
−4t5 − 4t4u+ t3u2 − t2u3 + 4tu4 + 4u5
10t3u3
R(4) . (6.19)
Thus with the above rational term, we’ve obtained a unitary and local parity-odd one-loop
four-point amplitude. Of crucial importance is the fact that the same cancellation occurred
in distinct helicity configuration, thus compensating the fact six-dimensional covariance was
not manifest by identifying a particular four-dimensional sub-plane.
7 Conclusions
In this paper, we have constructed the parity-odd one-loop amplitudes for chiral-gauge and
gravity theories using unitarity-methods, which constructs the integrand entirely from on-
shell building blocks that are ignorant of any notion of gauge symmetry. We show that the
constraints of unitarity and locality necessarily introduce new factorization channels in the
one-loop amplitude. This only occurs in the parity-odd sector of the amplitude, which would
be absent for non-chiral theories. Consistency of the theory then relies on whether or not
this new channel can be interpreted as an exchange of physical fields. For gauge theories,
the absence of such new factorization channel imposes constraints on color factors that are
exactly that of anomaly cancellation, the vanishing of the symmetric trace with D/2 + 1
generators. For group theory factors that do not satisfy this constraint, the new factorization
channel is here to stay. In four-dimensions, we show that the residue of this new factorization
pole cannot correspond to the exchange of physical fields, and thus the theory is inconsistent.
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In six-dimensions, the residue is exactly the exchange of a two-form between gluons (photons
in QED). Thus if the symmetrized trace factorizes, then consistency is achieved and the new
factorization channel automatically reveal a new particle in the spectrum, the Green-Schwarz
two-form.
This tension between unitarity and locality is in fact isolated in a unique part of the
amplitude, the cut-free rational terms. Indeed whilst unitarity method automatically gives
an S-matrix that respects unitarity, there are potential violations of locality, and it is the job of
the rational terms to restore locality. The new feature in chiral theories is that the requisite
rational terms come with their own baggage. More precisely, they hold locality ransom:
if we want locality back, the price to pay is to enlarge our spectrum. In the traditional
Feynman diagram approach, such rational terms can be identified with the combination of
the anomalous rational term from the one-loop Feynman diagrams and the tree-contribution
of the Green-Schwarz mechanism, leaving behind a gauge invariant remnant. This remnant
is an afterthought in the traditional literature, however from the S-matrix point of view, it
is of upmost importance and anomaly cancellation is simply an “off-shell” way of producing
the requisite rational term. An interesting question is whether Feynman-diagrams are the
unique “off-shell” way of obtaining them. We will come back to this shortly.
Finally we also extend our analysis to gravity coupled to chiral-matter. We study the
parity-odd one-loop four-graviton amplitude with chiral fermions, two-forms and gravitinos
in the loop. The case of chiral two-form is very interesting as no covariant action exists for
gravity coupled to arbitrary number of these fields. It is thus interesting to see if unitarity
methods can be employed to construct the correct loop-level amplitudes for such theories.
A non-trivial test would be if the constraint of locality for the one-loop amplitude, derived
though unitarity methods, exactly corresponds to that of gravitational anomaly cancellation.
Indeed we demonstrate that the parity-odd four-graviton amplitude, which is again unique for
chiral-matter, contains spurious singularities that cannot be canceled by any invariant rational
terms. Thus for consistency, such singularities must cancel between different chiral-matter
loops. We have demonstrated that the known anomaly free combination indeed achieves this
cancellation.
There are many interesting extensions. In the analysis of chiral-gauge theory, the absence
of UV-divergences and spurious poles strongly constrain the scalar integral coefficients. In
particular in D = 2k (k > 2) dimensions, the parity-odd piece of the (k+1)-point amplitude
can be expanded on the basis of scalar (k + 1)-, k- and (k − 1)-gon integrals. The k- and
(k − 1)-gon integral have ultraviolet divergences: their coefficients must be such that the
overall divergence cancels. The (k + 1)-gon integral has spurious singularities, which, when
combined with that of the two lower-gons, must be such that it cancels with that of the gauge
invariant rational term that is completely determined by eq.(5.12). Indeed, it can be shown
that using such constraint, one can fully determined the six-dimensional parity odd amplitude.
Recently, it has been shown that one can utilize differential equations [16] to capture the
behavior of integrals near singularities without explicitly integrating the full answer. Thus it
is perceivable that the interrelation of the integral coefficients can be simplified using such
differential equations.
The Adler-Bardeen theorem states that anomalies are one-loop exact [17]. In our language
this is tantamount to the statement that only at one-loop can the rational terms introduce new
singularities that violate locality. In our current study this fact is completely not transparent.
In D = 6 dimensions, we have shown that the first non-trivial gauge invariant rational
term factorizes completely into known three-point amplitudes. It should then be possible
to construct a recursion relation for the rational terms. For supersymmetric theories, it is
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also possible to apply recursion relations for the planar loop-amplitude [18, 19, 20]. Through
the lens of these two recursion relations, it will be extremely appealing to see how Adler-
Bardeen theorem arises for supersymmetric chiral-Yang-Mills theories, i.e. N = (1, 0) in
six-dimensions and maximal SYM in ten-dimensions.
In both unitarity methods and Feynman diagrams, the parity-odd gauge invariant rational
term is obtained by adding extra terms to the amplitude. For the former, it is an extra term
that is required for locality, while for the latter, it is obtained by adding an extra contribution
from the Green-Schwarz mechanism. One might ask if there is any way in which one directly
obtains the full gauge invariant amplitude in one go. One possibility is applying color-
kinematic duality to chiral gauge and gravity theories. It would be interesting to see if the
duality satisfying numerator, satisfying certain constrains, automatically gives the invariant
rational term [21].
Finally it is well known that gauge-anomalies are related to global anomalies. The pres-
ence of global anomalies in supergravity amplitudes has been recently discussed in detail
for N = 4 supergravity [22]. Again here the symmetry violating amplitude appears as
rational functions. It has been proposed that such anomaly controls the structure of the
UV-divergence of N = 4 supergraivty [23], and it is conceivable that the effect of such global
anomalies in multi-loop amplitudes, is similar to the effect of gauge anomalies, which is gov-
erned by the Adler-Bardeen theorem. Thus it will be interesting to establish the connection
at the level of the amplitude.
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A Coefficient extraction
In this paper, we have represented four-point one-loop massless scattering amplitude using
scalar bubble, traingle and box integral as our basis. Here we give a brief review of how
to extract the integral coefficients of these integral basis. We follow the work of Forde [25],
implemented in six-dimensions [33, 34]. To simplify the analysis, we will define a four-
dimensional subspace that includes the four-external legs, such that the six-dimensional 2×4
spinors for these four external legs take a simple form:
(λi)
A
a =
(
0 λiα
λ˜α˙i 0
)
, (λ˜i)Aa˙ =
(
0 λαi
−λ˜iα˙ 0
)
. (A.1)
This requires us to split the six-dimensional momenta into a four-dimensional piece and two
extra dimensions, (k(6))2 = (k(4))2 + mm˜ with m = k4 + ik5, m˜ = k4 − ik5. With this
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representation the loop-momentum of a double-cut can be parametrized as:
(λℓ)
A
a =

 −κλj
(1− y)
c
λj + λi
cλ˜j + yλ˜i ,
κ˜
c
λ˜i

 , κ = m〈ij〉 , κ˜ = m˜[ij] ,
(λ˜ℓ)Aa˙ =

 κ′λj
w(1 − y)
c
λj + λi
−cλ˜j − yλ˜i κ˜
′
c
λ˜i

 , κ′ = m˜〈ij〉 , κ˜′ = m[ij] ,
(A.2)
where the position of the loop-momentum and the legs associated with i, j are indicated in
the bubble diagram of figure 1. To obtain the triple- and quadruple-cut integrands without
using the three-point amplitude, we will instead use the four-point amplitude and multiply
it by an inverse propagator. When the kinematics are such that the propagator becomes
on-shell, one automatically obtains the product of 2 three-point amplitude. We will start
with the double-cut and the extraction of the bubble coefficients, and by puting one and two
more propagators on-shell, we extract the wanted triangle and box coefficients, respectively.
Using the parameterization in eq.(A.2), the double-cut integrands are functions of c, y m
and m˜. We will use the two parameters y and c to probe the structure of the propagators in
the cut. Since the integrand is given by a product of tree-amplitudes, it is simply a rational
function and one can express it as some Laurent series in both c and y. There are four major
contributions, (1) terms where there are no poles in both c and y (2) terms where there is
poles in c (3) terms where there are poles in y, and (4) terms where there is poles in both y and
c. Case (1) obviously contributes to the scalar bubble integral. For case (4), the presence of
two poles simply represent two extra propagators, and correspond to box integrals, and thus
do not contribute to the bubble coefficient. For case (2) and (3) the single pole indicates a
triangle integral, however, due to the possible y and c dependence of the residue respectively,
the can represent loop-momentum dependent numerators that can contribute to the scalar
bubble integral via integral reduction. Without loss of generality, we will use the y-parameter
to probe this triple-cut singularity. Thus the total contribution to the bubble integral can be
obtained from{∫
dcdyJc,y[Infc[InfyA1A2](y)](c)
}
+

12
∑
{y=y±}
∫
dcJ ′c[InfcA1A2A3](c)

 , (A.3)
where Infx is an operator that expands its argument as a polynomial of x at infinity, i.e.
dropping the pole terms in the Laurent expansion. The Jacobian factor Jc,y arises from the
change of coordinates from the original loop momentum, subject to on-shell constraints, to
eq.(A.2). Similarly for J ′c, except that now there is one additional propagator that has been
put on-shell, thus fixing y = y±, the two triple-cut solutions. In the sum
∑
{y=y±}
, one is
summing over all possible scalar triangles which also share the same double-cut as scalar
bubbles. The explicit form Jc,y and J
′
c is given in [25], and it can be shown that the first
integral only picks up non-trivial contributions from terms of the form c0ym where m ≥ 0,
whilst the second integral one only consider terms of the form cn with n > 0. However,
different powers of c correspond different powers of loop momenta which can be reduced to
the integral basis of scalar bubbles and scalar triangles via Passarino-Veltman reduction. As
the natural of specific parametrization of loop momenta, one simply replaces the integrations
over cn with Cn to obtain the contributions of bubble coefficients, where Cn are the explicit
results of integrating over different powers of the parameters c. They are given by:
Cn =
(
−〈χ|K2|K
p
1 ]S1
γ∆
)n
Tn , (A.4)
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where
T1 = −1
2
,
T2 = −3
8
[S2 + (K1 ·K2)] ,
T3 = −S2
48
[
4S1 + 15S2 + 30(K1 ·K2) + 11(K1 ·K2)
2
S2
+
16mm˜∆
S1S2
]
,
T4 = −5S2
384
[S2 + (K1 ·K2)]×[
11S1 + 21S2 + 42(K1 ·K2) + 10(K1 ·K2)
2
S2
+
44mm˜∆
S1S2
]
,
T5 = − S
2
2
3840
{(
64S21 + 735S1S2 + 945S
2
2
)
+ 210(7S1 + 18S2)(K1 ·K2)
+
(607S1 + 4935S2)(K1 ·K2)2
S2
+
2310(K1 ·K2)3
S2
+
274(K1 ·K2)4
S22
+
4mm˜∆
S1S2
[
128S1 + 735S2 + 1470(K1 ·K2) + 607(K1 ·K2)
2
S2
]
+
1024(mm˜)2∆2
S21S
2
2
}
,
T6 = S
2
2
5120
[S2 + (K1 ·K2)]
{
− 7
[
(33S21 + 170S1S2 + 165S
2
2)
+20(17S1 + 33S2)(K1 ·K2) + 4(26S1 + 205S2)(K1 ·K2)
2
S2
+
320(K1 ·K2)3
S2
+
28(K1 ·K2)4)
S22
]
− 3696(mm˜)
2∆2
S21S
2
2
= −56mm˜∆
S1S2
[
33S1 + 85S2 + 170(K1 ·K2) + 52(K1 ·K2)
2
S2
]}
,
(A.5)
Si = K
2
i , ∆ = (K1 ·K2)2 − S1S2 ,
and 〈χ| is a reference spinor that is used to define the null vector Kp1 ≡ K1 − χS1/(2K1 · χ).
Here K1 is the momenta of the original two-particle cut, and K2 = kq is the massless leg that
has been separated to form a massless corner of the triple cut, as shown in fig.1. Thus the
bubble coefficient is given by:
cbub = [Infc[InfyA1A2](y)](c)
∣∣∣
c→0,ym→Ym
+
1
2
∑
{y=y±}
[InfcA1A2A3](c)
∣∣∣
cn→Cn
, (A.6)
where Ym are the results of integrating over different powers of the parameters y. They are
given by:
Y0 = 1 , Y1 =
1
2
, Y2 =
1
3
(
1− mm˜
S1
)
,
Y3 =
1
4
(
1− 2mm˜
S1
)
, Y4 =
1
5
[
1− 3mm˜
S1
+
(mm˜)2
S21
]
. (A.7)
Note that due to the lack of color-ordering, for a given bubble coefficient the number of
triple-cuts that might contribute to the double-cut is four for QED and gravity, as opposed
to two for QCD. Moreover choosing 〈χ| = 〈kj |, Cn ∝ (〈kjkq〉[kqki])n, and we have Cn = 0
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when ever the chosen massless corner kq is identified with ki or kj . For QCD, amongst the
two-triangles there is one for which such a configuration occurs, and thus only one remaining
triangle integral contributes to the bubble coefficient. As for QED and gravity, amongst the
four possible triangle configurations exactly two of them correspond to kq = ki and kq = kj
respectively. Thus only two triangles contribute to the bubble coefficient.
ki
kj ℓ ℓ
kj = kq
ki
kj
ki
kq
ℓ
Figure 1: Possible integrals contribute to bubble coefficients, here shows a specific ordering.
For abelian gauge theories, one needs to consider permutation of the external legs ki and kj
for the triangle in the right as well as kq and the unlabelled external leg for the triangle in
the middle.
To extract the triangle coefficients, we set y to a fixed value such that an additional
propagator goes on shell. As shown in fig.2 y = 1 or 0 correspond to two distinct ordered
triangles. After fixing y, we can expand the triple-cut integrand by c around infinity and the
triangle coefficients can be written as a polynomial of c up to some powers. For the choice
of in eq.(A.2), it turns out only zero power of c contributes. Note that for fixed y, we must
average over loop momenta parametrized by c and its complex conjugate c∗. So the triangle
coefficients are given by
ctri =
1
2
(
[InfcA1A2A3](c)
∣∣∣
c=0
+ [InfcA1A2A3](c∗)
∣∣∣
c∗=0
)
. (A.8)
Note that, like in the situation of bubble coefficients, for theories without color ordering the
two diagrams as shown in fig.2 contribute to the same triangle coefficient.
ℓ
kj
ki
ℓ
ki
kj
kg
kh
kg
kh
pole at y = 1 pole at y = 0
Figure 2: The propagators marked with red lines in the left and right diagrams have poles
at y = 1 and y = 0, respectively.
Finally, having set y = y˜, where y˜ = 0 or 1, we can imposing one more constraint to
obtain the box coefficients. The one more constraint is a quadratic equation in c. We can
solve this constraint to have c = c±(y˜). So the parameters c and y are completely fixed as
well as the box coefficients
cbox =
1
2
[
(A1A2A3A4)c=c+(y˜) + (A1A2A3A4)c=c−(y˜)
]
, (A.9)
where we average over two solutions of c. Again for the non-color-ordered theories, there
are two equal contributions to a given box coefficient, one is from substituting c±(y = 0)
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and the other c′±(y = 1), where c and c
′ are solutions for the on-shell condition of different
propagators. These two configurations correspond to clockwise and counterclockwise flow of
loop momenta.
Before finishing, we need to address how to deal with the mm˜ terms. The appearance
of these terms is an artifact of our insistence on putting the four-external legs on a manifest
four-dimensional subspace. Since mm˜ is the extra component of the loop momentum that is
orthogonal to this subspace, we can write mm˜ as
mm˜ = −16Gram(ℓ, k1, k2, k3, k
′
4)
(stu)2
, (A.10)
where Gram is the determinant of the Gram matrix, k1, k2, k3 and k
′
4 = ǫ
µνρσk1µk2νk3ρ now
completely spans this four-dimensional sub plane. Using reduction, one can then show that,
for general D > 4,
I4m[3] = −D(D − 2)(D − 4)
16(D2 − 1)
[
I34
(D − 3) −
∑
x=s,t
(2u− 2Du−Dx)x2I2[x]
(D − 2)Du2
]
,(A.11)
I4m[2] =
(D − 2)(D − 4)
4(D − 1)
[
u
st
I34
(D − 3) −
∑
x=s,t
xI2[x]
(D − 2)u
]
, (A.12)
I4m[1] = −(D − 4)
(D − 3)
u2
s2t2
I34 (A.13)
I34 ≡ s
3t3
4u3
(
I4[s, t]−
i=1,2∑
x=s,t
xI3[xi]
st
)
, (A.14)
I3m[2, xi] = −(D − 2)(D − 4)
8D(D − 1) xI2[x] , (A.15)
I3m[1, xi] = − (D − 4)
2(D − 2)I2[x] , (A.16)
I2m[1, x] =
(D − 4)
4(D − 1)xI2[x] , (A.17)
where
I4m[n] ≡
∫
dDℓ
(mm˜)n
ℓ2(ℓ− k2)2(ℓ− k2 − k3)2(ℓ+ k1)2 , (A.18)
I3m[n, x] =
∫
dDℓ
(mm˜)n
ℓ2(ℓ−K1)2(ℓ+K2)2 , 2K1 ·K2 = −x , (A.19)
I2m[n, y] ≡
∫
dDℓ
(mm˜)n
ℓ2(ℓ−K)2 , K
2 = y , (A.20)
and I3[xi], i = 1, 2, are the two distinct x-channel scalar triangles.
In the following, we will compute the parity-odd one-loop integral coefficients for chiral-
fermion loop as an example of how the above procedures are carried out.
B Example: 6D chiral and anti-chiral fermions in the loop
Here we consider 6D chiral and anti-chiral fermions in the loop as an example with ki = k1
and kj = k4 in the paramerization eq.(A.2). For y = 1 the parametrization becomes a
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triple cut, where as (y = 1, c = c±) with c± =
〈12〉
2〈42〉
(
1±
√
1 + 4mm˜ust
)
are the two quad-cut
solutions. All of this is illustrated in the following:
k1 k4
ℓℓ1
k2 k3
y = 1 c = c±
ℓ
k4k1
ℓ1
k2 k3
ℓℓ1
k1 k4
k3k2
.
We will show that the cut-constructible parity-odd amplitude is given by scalar integrals with
coefficient
C4 =
(s − t)
6u2
F (4), C3s = −(s− t)
6tu2
F (4), C3t = −(s− t)
6su2
F (4)
C2s =
1
stu
F (4), C2t = − 1
stu
F (4) , (B.1)
where the coefficients for the triangles are identical for I3(1|2|34) and I3(12|3|4) and F (4) is
given in eq.(3.11).
The computation is straightforward: we compute the unitarity cut result for both chi-
ral and anti-chiral fermions in six-dimensions, and show that the difference of the two,
which would be parity odd gives precisely the integral coefficients in the above. As the
six-dimensional gluon becomes the four-dimensional gluon and two scalars, we will choose the
A(φ1, φ¯2, 3
−, 4+) component amplitude. In 6D notation this correspond to A(112˙ , 221˙ , 322˙ , 411˙),
and for later reference, we have
F (4)(112˙ , 221˙ , 322˙ , 411˙) = s〈23〉2[24]2 . (B.2)
B.1 Chiral fermion and anti-chiral fermion loop
First we consider the double-cut, the cut integrand is
A((−ℓ1)a221˙322˙ℓb)A((−ℓ)b411˙112˙ℓa1) , (B.3)
where the tree-amplitude for a chiral fermion is given by
A((−ℓ1)a221˙322˙ℓb) =
〈(−ℓ1)a2232ℓb〉[ℓb˙21˙32˙ℓb˙]
ts−ℓ12
,
A((−ℓ)b411˙112˙(ℓ1)a) =
〈(−ℓ)b4111(ℓ1)a〉[ℓb˙41˙12˙ℓb˙]
tsℓ11
. (B.4)
For the bubble coefficient, consider eq.(A.6). Direct substitution of the loop momentum
parameterization into the above tree-amplitudes and expand in y and c, one finds that the
first term in eq.(A.6) receives no contributions. For the second term one finds a polynomial
in linear in c and thus will give non-vanishing contribution. Using eq.(A.4)
C1 =
2〈13〉[34]
t2
, (B.5)
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one finds the following bubble coefficient:
C−2t =
(2mm˜− t)
t2u
〈2, 3〉2[2, 4]2 . (B.6)
where the − refers to the chiral contribution. To obtain the triangle coefficient, first we have
triple-cut integrand by simply multiplying eq.(B.3) with the propagator (ℓ2 − k1)2 and set
the on-shell condition y = 1
A((−ℓ1)a221˙322˙ℓb)A((−ℓ)b411˙112˙ℓa1)(ℓ1 + k1)2
∣∣
y=1
. (B.7)
The triangle coefficient can be obtained by taking c → ∞ for eq.(B.7) to extract the O(c0)
piece. We will also need to do this for the conjugate momenta, but there is no pole at infinity
for the conjugate solution. In the end the triangle coefficient is given as
C3t = −〈23〉
2[24]2t
2u2
(
2mm˜
t
− 1
)
. (B.8)
Similarly, the quad-cut integrand is given by
A((−ℓ1)a221˙322˙ℓb)A((−ℓ)b411˙112˙ℓa1)(ℓ1 − k2)2(ℓ1 + k1)2
∣∣
y=1,c=c±
. (B.9)
Finally the box coefficient is obtained by averaging over c = c+ and c = c−,
C−4 =
(
2mm˜
t
− 1
)
〈23〉2[24]2
(
mm˜
u
+
st
2u2
)
. (B.10)
To get the parity odd term, we want to subtract this against the anti-chiral fermion loop cut,
which is given by
A((−ℓ1)a˙221˙322˙ℓb˙)A((−ℓ)b˙411˙112˙ℓa˙1) . (B.11)
Following similar steps we obtain
C+2t =
2mm˜
t2u
〈1, 3〉2[1, 4]2 , (B.12)
C+3t = −
〈23〉2[24]2
u2
mm˜ , (B.13)
C+4 =
(
mm˜
t
)
〈23〉2[24]2(−1 + 2mm˜
u
+
st
u2
) . (B.14)
B.2 The final result
We now take the difference of the two cuts. For the quad-cut, one has
C−4 − C+4 = 〈23〉2[24]2
[(
1
t
− 1
u
)
mm˜− st
2u2
]
, (B.15)
where as
C−3t − C+3t =
〈23〉2[24]2t
2u2
(B.16)
and
C−2t − C+2t = −
〈23〉2[24]2
tu
. (B.17)
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Thus plugging eq.(A.13) into eq.(B.15), we find the box coefficient and the t-channel triangle
and bubble coefficients are given as:
C4 =
s(s− t)
6u2
〈23〉2[24]2 , C3t = (t− s)
6u2
〈23〉2[24]2 , C2t = − 1
tu
〈23〉2[24]2 , (B.18)
which matches eq.(B.1) with the identification of F 4 in eq.(B.2). One can also obtain the
bubbles by using the fact that the answer must be UV finite and read of the coefficient from
the triangles.
C Results of integral coefficients
Here we list all the remaining integral coefficients for chiral-gravitino and chiral-fermion. We
first list the mm˜-dependent integral coefficients. While they are only an intermediate step in
getting the final integrals, they can be useful in obtaining four-dimensional rational terms as
discussed in [33, 34]. The mm˜-dependent integral coefficients for chiral-gravitino are
C˜ψ4 (1, 2, 3, 4) =
R(4)
t2u4
[10u2(t− u)(mm˜)3 − su(4s2 + 7st− 17t2)(mm˜)2
− t(2s4 + 10s3t+ 5s2t2 + 6st3 + 4t4)mm˜+ st3(s2 + t2)] ,
C˜ψ4 (1, 3, 4, 2) =
R(4)
t4u2
[10t2(t− u)(mm˜)3 + st(4s2 + 7su− 17u2)(mm˜)2
+ u(2s4 + 10s3u+ 5s2u2 + 6su3 + 4u4)mm˜− su3(s2 + u2)] ,
C˜ψ4 (1, 3, 2, 4) =
2(t− u)mm˜[5(mm˜)2 + 2smm˜+ tu]R(4)
t2u2
,
C˜ψ3s =
2(t− u)R(4)
t4u4
[−(5t5 + 19t4u+ 28t3u2 + 28t2u3 + 19tu4 + 5u5)mm˜
+ s2(2t4 + 2t3u+ 3t2u2 + 2tu3 + 2u4) + 5tu(2t2 + 3tu+ 2u2)(mm˜)2] ,
C˜ψ3t = −
2[5u(2t − u)(mm˜)2 + t2(5s− 4u)mm˜+ t2(s2 + t2)]R(4)
tu4
,
C˜ψ3u = −
2[5t(t− 2u)(mm˜)2 − u2(5s − 4t)mm˜− u2(s2 + u2)]R(4)
t4u
,
C˜ψ2s =
(t− u)[5(2t2 + 3tu+ 2u2)mm˜+ 2s(2t2 + tu+ 2u2)]R(4)
t3u3
,
C˜ψ2t =
(s− t)(5mm˜− 2t)R(4)
tu3
,
C˜ψ2u = −
(s− u)(5mm˜ − 2u)R(4)
t3u
. (C.1)
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and for the chiral fermion are
C˜χ4 (1, 2, 3, 4) =
[2u2(t− u)(mm˜)3 + stu(4t− u)(mm˜)2 + s2t3mm˜]R(4)
t2u4
,
C˜χ4 (1, 3, 4, 2) =
[2t2(t− u)(mm˜)3 + stu(t− 4u)(mm˜)2 − s2u3mm˜]R(4)
t4u2
,
C˜χ4 (1, 3, 2, 4) =
2(t− u)(mm˜)3R(4)
t2u2
,
C˜χ3s =
2(t− u)[tu(2t2 + 3tu+ 2u2)(mm˜)2 + s3(t2 + u2)mm˜]R(4)
t4u4
,
C˜χ3t = −
2[u(2t− u)(mm˜)2 + st2mm˜]R(4)
tu4
,
C˜χ3u = −
2[t(t− 2u)(mm˜)2 − su2mm˜]R(4)
t4u
,
C˜χ2s =
(2t3 + t2u− tu2 − 2u3)mm˜R(4)
t3u3
,
C˜χ2t =
(s− t)mm˜R(4)
tu3
,
C˜χ2u = −
(s− u)mm˜R(4)
t3u
. (C.2)
After substituting the results in eq.(A.11) for distinct powers of mm˜, the parity-odd integral
coefficients of chiral-gravitino loops are
Cψ4 (1, 2, 3, 4) =
(25t5 + t4u− 63t3u2 − 85t2u3 − 67tu4 − 21u5)R(4)
105u5
,
Cψ4 (1, 3, 4, 2) =
(21t5 + 67t4u+ 85t3u2 + 63t2u3 − tu4 − 25u5)R(4)
105t5
,
Cψ4 (1, 4, 2, 3) = −
(14t3 + 19t2u− 19tu2 − 14u3)R(4)
70s3
,
Cψ3s = −
2s2(25t7 − 49t6u+ 10t5u2 − 56t4u3 + 56t3u4 − 10t2u5 + 49tu6 − 25u7)R(4)
105t5u5
,
Cψ3t = −
t(50t6 + 102t5u− 72t4u2 − 420t3u3 − 642t2u4 − 537tu5 − 161u6)R(4)
105s3u5
,
Cψ3u = −
u(161t6 + 537t5u+ 642t4u2 + 420t3u3 + 72t2u4 − 102tu5 − 50u6)R(4)
105s3t5
,
Cψ2s =
(150t6 − 244t5u− 63t4u2 + 63t2u4 + 244tu5 − 150u6)R(4)
210t4u4
,
Cψ2t = −
(150t4 + 106t3u− 399t2u2 − 501tu3 − 56u4)R(4)
210s2u4
,
Cψ2u = −
(56t4 + 501t3u+ 399t2u2 − 106tu3 − 150u4)R(4)
210s2t4
. (C.3)
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and the parity-odd integral coefficients of chiral-fermion loops are
Cχ4 (1, 2, 3, 4) = −
s3t(5t+ 2u)R(4)
105u5
,
Cχ4 (1, 3, 4, 2) =
s3u(2t+ 5u)R(4)
105t5
,
Cχ4 (1, 4, 2, 3) = −
tu(t− u)R(4)
70s3
,
Cχ3s = −
2s4(5t5 − 3t4u+ 3t3u2 − 3t2u3 + 3tu4 − 5u5)R(4)
105t5u5
,
Cχ3t = −
t(10t6 + 54t5u+ 120t4u2 + 140t3u3 + 90t2u4 + 27tu5 + 7u6)R(4)
105s3u5
,
Cχ3u =
u(7t6 + 27t5u+ 90t4u2 + 140t3u3 + 120t2u4 + 54tu5 + 10u6)R(4)
105s3t5
,
Cχ2s =
(30t6 + 52t5u+ 21t4u2 − 21t2u4 − 52tu5 − 30u6)R(4)
210t4u4
,
Cχ2t = −
(30t4 + 122t3u+ 189t2u2 + 135tu3 + 56u4)R(4)
210s2u4
,
Cχ2u =
(56t4 + 135t3u+ 189t2u2 + 122tu3 + 30u4)R(4)
210s2t4
. (C.4)
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